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Abstract 
The Laplace transform homotopy perturbation method (LTHPM) is previously used to solve gas dynamic equation. However, in 

the present paper a modified approach of Laplace transform homotopy perturbation method is used to obtain the solution of gas 

dynamic equation. The present modification detects the solution with less numerical computational work as compared to the 

earlier approach. Also, in this modification no restrictive assumptions are considered and therefore reduces the numerical 

computations to a greater extent. The obtained solutions are compared with the available exact solutions and LTHPM solution.  It 

shows that the modified approach of LTHPM has a good agreement with the exact solution and LTHPM. 
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1. INTRODUCTION 

LTHPM is the method in which the Laplace transform (LT) 

is coupled with HPM i.e. homotopy perturbation method for 

the approximate analytical solution of nonlinear differential 

equations. This combination is easy, efficient and widely 

useful for solving nonlinear differential equations. In HPM, 

a homotopy is constructed by introducing an embedding 

parameter 𝑝 ∈ [0,1]. The HPM uses the small parameter 

𝑝 and the solution is written as a power series. The changing 
process from zero to unity is called deformation in 

Topology.[5] The nonlinear term can be decomposed as a 

power series in 𝑝 in terms of He’s polynomials which can be 

generated by several means.  

 

Mostly various physical phenomena are governed by linear 

or nonlinear differential equations. Although several 

techniques like Laplace transform, Fourier transform and 

Sumudu transform are available for solving the linear 

differential equations, the solution of nonlinear differential 

equation can be obtained by combining these techniques 
with other analytical methods to handle the nonlinearities. 

Recently, many researchers have combined Laplace 

transform with HPM, ADM and VIM.  

 

The gas dynamics nonlinear partial differential equation as 

given below [3] 

 
𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
− 𝑢 1 − 𝑢 = ∅ 𝑥, 𝑡 , 0 ≤ 𝑥 ≤ 1, 𝑡 ≥ 0          (1) 

 

Gas dynamics is one of the branch of fluid dynamics. The 

mathematical expression of gas dynamics equations is built 

on the physical laws of conservation. The nonlinear gas 

dynamic equations in fluid dynamics have been solved by 

Jafari et al. (2008) [2], Evans and Bulut (2002) [1], Hossein 

et al. (2008) [4] by applying various kinds of analytical 

methods such as HPM, decomposition method and 

variational iteration method. Hossein Aminikhah et al. 

(2013) [3] has applied the LTHPM to get the solution of 

nonlinear gas dynamic equation. However, in the present 
paper the modified LTHPM [6, 8 and 9] is applied to solve 

nonlinear gas dynamic equation. The proposed alteration 

will speed up the quick convergence of series solution when 

compared with LTHPM and hence delivers major 

improvement. In the next section, equation (1) is solved by 

using modified LTHPM for the two cases∅ 𝑥, 𝑡 = 0 and 

∅(𝑥, 𝑡) ≠ 0 with specific initial condition to show the 

effectiveness and the usefulness of modified LTHPM. 

 

2. APPROXIMATE ANALYTICAL SOLUTION 

OF GAS DYNAMIC EQUATION 

In the present section the approximate analytical solution of 

equation (1) is obtained for each of the cases ∅ 𝑥, 𝑡 =
0 and ∅(𝑥, 𝑡) ≠ 0. 

 

2.1 For ∅ 𝑥, 𝑡 = 0 equation (1) can be written as follow 
𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
− 𝑢 1 − 𝑢 = 0, 0 ≤ 𝑥 ≤ 1, 𝑡 ≥ 0                   (2) 

 

with the condition  

𝑢 𝑥, 0 = 𝑎𝑒−𝑥                                                                            (3) 

 

For equation (2) exact solution is [7] 

𝑢 𝑥, 𝑡 = 𝑎𝑒𝑡−𝑥                                                                           (4) 
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Take LT on both sides of equation (2) and using properties 

of LT, equation (2) reduce to  

𝐿 𝑢(𝑥, 𝑡) =
𝑢 𝑥, 0 

𝑠
+

1

𝑠
𝐿 𝑢 − 𝑢2 − 𝑢𝑢𝑥                            (5) 

 

Using initial condition (3) and inverse LT, equation (5) 

reduce to 

𝑢(𝑥, 𝑡) = 𝑎𝑒−𝑥 + 𝐿−1  
1

𝑠
𝐿 𝑢 − 𝑢2 − 𝑢𝑢𝑥                           (6) 

 

Invoking the homotopy perturbation method,  

 𝑝𝑛𝑢𝑛  𝑥, 𝑡 

∞

𝑛=0

= 𝑎𝑒−𝑥  

+𝑝𝐿−1  
1

𝑠
𝐿   𝑝𝑛𝑢𝑛(𝑥, 𝑡)

∞

𝑛=0

− 𝑝𝑛𝐻𝑛(𝑢)

∞

𝑛=0

                      (7) 

 

Here,He’s polynomials are denoted by 𝐻𝑛(𝑢). The first 

three components are  

𝐻0 𝑢 =   𝑢0
2 + 𝑢0

𝜕𝑢0

𝜕𝑥
 , 

𝐻1 𝑢 =   2𝑢0𝑢1 + 𝑢0

𝜕𝑢1

𝜕𝑥
+ 𝑢1

𝜕𝑢0

𝜕𝑥
 , 

𝐻2 𝑢 =   2𝑢0𝑢2 + 𝑢0

𝜕𝑢2

𝜕𝑥
+ 𝑢1

𝜕𝑢1

𝜕𝑥
+ 𝑢2

𝜕𝑢0

𝜕𝑥
+ 𝑢1

2  , 

and so on. 

Equate the coefficient of power of 𝑝 in equation (7),  

 

𝑝0: 𝑢0 𝑥, 𝑡 = 𝑎𝑒−𝑥 , 

𝑝1:  𝑢1 𝑥, 𝑡 = 𝐿−1  
1

𝑠
𝐿 𝑢0 −𝐻0 𝑢   

= 𝐿−1  
1

𝑠
𝐿  𝑢0 − 𝑢0

2 − 𝑢0

𝜕𝑢0

𝜕𝑥
  = 𝑎𝑒−𝑥𝑡, 

𝑝2:  𝑢2 𝑥, 𝑡 = 𝐿−1  
1

𝑠
𝐿 𝑢1 −𝐻1 𝑢    

                       = 𝐿−1  
1

𝑠
𝐿  𝑢1 − 2𝑢0𝑢1 − 𝑢0

𝜕𝑢1

𝜕𝑥
− 𝑢1

𝜕𝑢0

𝜕𝑥
   

                       = 𝐿−1  
1

𝑠
𝐿 𝑎𝑒−𝑥𝑡   = 𝑎𝑒−𝑥

𝑡2

2!
 , 

𝑝3:  𝑢3 𝑥, 𝑡 = 𝐿−1  
1

𝑠
𝐿 𝑢2 −𝐻2 𝑢    

                      = 𝐿−1  
1

𝑠
𝐿  𝑢2 − 2𝑢0𝑢2 − 𝑢0

𝜕𝑢2

𝜕𝑥
− 𝑢1

𝜕𝑢1

𝜕𝑥

− 𝑢2

𝜕𝑢0

𝜕𝑥
− 𝑢1

2  = 𝑎𝑒−𝑥
𝑡3

3!
 , 

In this way, the further approximations can be obtain, 

𝑝4:  𝑢4 𝑥, 𝑡 = 𝑎𝑒−𝑥
𝑡4

4!
 , 

𝑝5:  𝑢5 𝑥, 𝑡 = 𝑎𝑒−𝑥
𝑡5

5!
 

and so on. 

Substituting above values in the following equation 
 

𝑢 𝑥, 𝑡 = 𝑢0 𝑥, 𝑡 + 𝑢1 𝑥, 𝑡 + 𝑢2 𝑥, 𝑡 +  …                       

𝑢(𝑥, 𝑡) = 𝑎  𝑒−𝑥 + 𝑒−𝑥𝑡 + 𝑒−𝑥
𝑡2

2!
+ 𝑒−𝑥

𝑡3

3!
+ 𝑒−𝑥

𝑡4

4!
+ ⋯  

 𝑢(𝑥, 𝑡) = 𝑎𝑒−𝑥  1 + 𝑡 +
𝑡2

2!
+
𝑡3

3!
+
𝑡4

4!
+
𝑡5

5!
+ ⋯  

𝑢(𝑥, 𝑡) = 𝑎𝑒𝑡−𝑥                                                                          (8) 

This is the solution of equation (2) with condition (3) and 

same as the exact solution and LTHPM solution.Fig.1 shows 

the graph ofu = et−x  , t > 0 𝑎𝑛𝑑 0 ≤ 𝑥 ≤ 1. 

 

2.2 For ∅ 𝑥, 𝑡 ≠ 0 and ∅ 𝑥, 𝑡 = −𝑒𝑡−𝑥equation (1) can be 
written as follow 
𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
− 𝑢 1 − 𝑢 = −𝑒𝑡−𝑥                                             (9) 

 

with the condition  

𝑢 𝑥, 0 = 1 − 𝑒−𝑥                                                                    (10) 

 

For equation (9) exact solution is [7] 

𝑢 𝑥, 𝑡 = 1 − 𝑒𝑡−𝑥                                                                   (11) 

 

Take LT on both sides of equation (9) and using properties 

of LT, equation (9) reduce to 

𝐿  
𝜕𝑢

𝜕𝑡
 = 𝐿  𝑢 − 𝑢2 − 𝑢

𝜕𝑢

𝜕𝑥
 − 𝐿 𝑒𝑡−𝑥                                (12) 

 

𝐿 𝑢(𝑥, 𝑡) =
𝑢 𝑥, 0 

𝑠
+

1

𝑠
𝐿 𝑢 − 𝑢2 − 𝑢𝑢𝑥  

− 𝑒−𝑥
1

𝑠 𝑠 − 1 
                                        (13) 

 

Using initial condition (10) and inverse Laplace transform 

equation (13) reduce to 

𝑢 𝑥, 𝑡 =  1 − 𝑒−𝑥  

+𝐿−1  
1

𝑠
𝐿 𝑢 − 𝑢2 − 𝑢𝑢𝑥  −

1

𝑠
𝑒−𝑥

1

𝑠 − 1
                          (14) 

 

Since  

𝐿−1  𝑒−𝑥
1

𝑠 𝑠 − 1 
 = 𝑒−𝑥 −1 + 𝑒𝑡                                    (15) 

 

Using equation (15), equation (14) can be written as 

𝑢 𝑥, 𝑡 =  1 − 𝑒−𝑥  

+𝐿−1  
1

𝑠
𝐿  𝑢 − 𝑢2 − 𝑢

𝜕𝑢

𝜕𝑥
  + 𝑒−𝑥  − 𝑒𝑡−𝑥                        (16) 

 

Invoking the homotopy perturbation method, 

 𝑝𝑛𝑢𝑛  𝑥, 𝑡 

∞

𝑛=0

=  1 − 𝑒𝑡−𝑥  

+𝑝𝐿−1  
1

𝑠
𝐿   𝑝𝑛𝑢𝑛 𝑥, 𝑡 

∞

𝑛=0

− 𝑝𝑛𝐻𝑛 𝑢 

∞

𝑛=0

                    (17) 

 

HereHe’s polynomials are denoted by 𝐻𝑛(𝑢). The first three 

components are  

𝐻0 𝑢 =   𝑢0
2 + 𝑢0

𝜕𝑢0

𝜕𝑥
 , 

𝐻1 𝑢 =   2𝑢0𝑢1 + 𝑢0

𝜕𝑢1

𝜕𝑥
+ 𝑢1

𝜕𝑢0

𝜕𝑥
 , 

𝐻2 𝑢 =   2𝑢0𝑢2 + 𝑢0

𝜕𝑢2

𝜕𝑥
+ 𝑢1

𝜕𝑢1

𝜕𝑥
+ 𝑢2

𝜕𝑢0

𝜕𝑥
+ 𝑢1

2  , 

and so on. 

Equate the coefficient of power of 𝑝 in equation (17),  

𝑝0: 𝑢0 𝑥, 𝑡 = 1 − 𝑒𝑡−𝑥 , 
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𝑝1:  𝑢1 𝑥, 𝑡 = 𝐿−1  
1

𝑠
𝐿 𝑢0 −𝐻0 𝑢    

                       = 𝐿−1  
1

𝑠
𝐿  1 − 𝑒𝑡−𝑥 −  1 − 𝑒𝑡−𝑥 2

−  1 − 𝑒𝑡−𝑥 𝑒𝑡−𝑥    

                       = 𝐿−1  
1

𝑠
𝐿 0  = 0 

In this way, the further approximations can be obtain, 

𝑝2:  𝑢2 = 0,  
𝑝3:  𝑢3 = 0,… 
Substituting above values in equation  
𝑢 𝑥, 𝑡 = 𝑢0 𝑥, 𝑡 + 𝑢1 𝑥, 𝑡 + 𝑢2 𝑥, 𝑡 +  …    
𝑢 𝑥, 𝑡 =  1 − 𝑒𝑡−𝑥 + 0 + 0 + 0 … = 1 − 𝑒𝑡−𝑥            (18) 

 

which is the exact solution of equation (9) with condition 

(10) and same as the exact solution and LTHPM solution. 

Fig.2 shows the graph of  u = 1 − et−x  , t > 0 𝑎𝑛𝑑 0 ≤ 𝑥 ≤
1. 

 

3. CONCLUSIONS 

In the present paper a modified approach of LTHPM is 

shown for two nonlinear gas dynamic equations and 

compared with available exact solution and LTHPM 

solution [3]. On comparing the obtained solution by a 

modified approach of LTHPM with the exact solution and 

LTHPM solution, it is found that it matches well with the 

exact solution and LTHPM solution in each case. The 

present modification in LTHPM is reliable, elegant and 

yields the solution in a rapidly convergent sequence as 

compared to LTHPM. This proves that the present 

modification in LTHPM is a powerful mathematical method 

for solving non-linear gas dynamic equations and very 

effective and quite accurate. Hence, modification in LTHPM 

can be conveniently used in solving nonlinear partial 

differential equations arising in different fields of sciences. 

 

Fig.1: Graph of u = et−x  , t > 0 𝑎𝑛𝑑 0 ≤ 𝑥 ≤ 1. 

Fig.2: Graph of u = 1 − et−x  , t > 0 𝑎𝑛𝑑 0 ≤ 𝑥 ≤ 1. 
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