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Abstract
Five different methods of the non-zero non-negative solutions of non- homogeneous cubic Diophantine equation x*—y*=17(z°—
w?) R?are obtained. Some interesting relations among the special numbers and the solutions are exposed.
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mm=%num_zy4m—4n

pa" = %[an +n3(M=2)—n (m—5)]

G,=2n-1
Ctys,n=8n(n +1)+1
OH, = 1/3n(2n*+1)
SO,=n (2n*1)

Ky, = (2n +1)%2carl,- carol number

1. INTRODUCTION

The Mathematics is the Queen of all sciences. In particular,
the Number theory is the King of Mathematics. The Number
theory, in particular Diophantine equations have a blend of
interesting problems. Many greatest Mathematicians was
fascinated by problems in Diophantine equations.

For a vide review, one may try to see [1-12]. In this work,
we are observed a lot of infinitely the non —zero integer
values of the cubic Diophantine equation. Some interesting
relations among the special numbers and the solutions are
found.

2. DESCRIPTION OF METHOD

Let us consider the cubic Diophantine equation

x*—y* =17 (z> —=w?) R? (1)
Consider the transformations
X=Uu+v,y=u-v,z=2uv+l,w=2uv-1 2

Using (2) in (1), it gives us the equation

u? + V2= 17R? 3)
2.1 Method: |

We can write 17 as17 = (4+i) (4 —i) 4)
and R=a® + b® = (a +ib) (a — ib) (5)

Using (4) and (5) in (3) and applying the process of
factorization , it takes form as

(u+iv) (U —iv) = (4 +i) (4 —i) (a +ib)* (a—ib)

The above equations give us

(U+iv) =(@+i)(a+ib)?

(u+iv) =(4-i)(a-ib)

Comparing both sides of above equations, we obtain
u=u(a, b) = 4a*—4b’— 2ab

v=v(a, b) =a’— b’ + 8ab

Using the values of u and v in (2) we get the non-zero
integer values of X, y, z and w and R of (1) are furnished by
X = X (a, b) = 5a® — 5b? + 6ab

y =y (a, b) = 32’ — 3b®— 10ab

z=17(a, b) = 2(4a* + 4b* — 244’ b? + 30a’b — 30ab®) +1
w=w (a, b) = 2(4a* + 4b* — 24a% b® + 30a°b — 30ab®) — 1

R =R(a, b) = a’ + b?

Observations:

1.3x [a (a + 1),1] — 5y[a(a+1),1] —68P, =0

2.3x [a (a—1),1] — 5y[a(a-1),1] — 68 t4.= 0 (Mod 2)
3.z(b, 1) —w(b,1) =0 (Mod 2)

4.R(a+l, a+l) -2t;, — Gy= 0 (Mod 3)
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5.x(2,a) +y(2,a) + 8P;=0 (Mod 2)
6.X(2,2) + y(2,2) + T,s, =0

7]A@A% —1)1]-5(s0,)> - 650, +5T,, =0
8.6x(1,0) isanastynumber.

9.R(2,3)-S, =0

10.3x[2a* +1,a] - 5y[2a® +1,a] -204 OH_ =0

2.2 Method: 11

We can also takel7 as 17 = (1 +4i) (1 — 4i) (6)
Using (5) and (6) in equation (3) it takes form as
(U+iv)(u—iv)=(1+4i) (1-4i)(@+ib)’(@a—ib)?

It gives as

(u+iv)=(1+4i)(@a+ib)’

(u—iv) = (1 -4i) (a—ib)?

This leads to

u=u(a b)=a’—b?—8ab

v=v (a, b) = 4a® - 4b® + 2ab

Putting the values of u and v in (2), the non-zero different
values of X, y, z,w and R of (1) are found as

X = X (a, b) = 5a® — 5b? — 6ab

y=y(a b)=-3a*+3b?- 10ab

z=1z(a, b) = 2(4a* + 4b* — 24a° b® - 30a° + 30ab’) +1

w = w(a, b) = 2 (4a* + 4b* — 24a* b? - 30ab +30ab’) — 1
R=R (a, b) = a® + b?

Observations:

. 3x[(2a-1)2,1]+5y[(2a-1)2,1] + 68(G,)? =0

.y(1,1) +R (1,1) + OH, = 0 (mod 2)

. 3% [a, 2a2-1] +5y [2a-1] + 68S0, =0

.z(a,1) —W(a,1)- KY;= 0 (mod5)

.z(1,a) - W(1,a) — Carl, =1 (mod2)

. z(1,a)-W(l,a)—Carl,-TK; =0

. X(a,a) - y(a,a) +16T,, =0

2X(@33) +y(33) +R(33) + Ty =0

.y(L2a+1)-Ct,, - Sa+10P, —8T,, =s° where s is an integer

© 0 4O Ul AW DN P

10. x(b,b +1)+5G,,,+6P, is an even integer.
11.2(2,2) + w(2,2) =0 (mod2)

2.3 Method: 111

(3) can also be written as 1 * u® = 17R* —v* (7
Takeas y=17a? —b? = (/17 a+b)(~/17a—b) (8)

Take 1as 1= (V17 +4) (V17 —4) 9)
Using (8) and (9) in (7), it takes the form as

(V17 +4) (V17 — 4)(V17a+h)’ (V17a-b)’ =
(V17R +v) (V17R -v)

This gives us
(VI7+4) (V17a+b)® = (VITR+v)
(17 — 4) (V17a—h)*= (V17R-v) (10)

This found as

R =R(a, b) = 17a*+ b® + 8ab

v =Vv(a, b) = 68a° + 4b? + 34ab

Putting the values of u and v in (2), the non — zero different
values of X, y, z, R and w of (1) are determined as

X = x(a, b) = 85a° + 3b® + 34ab

y = y(a, b) = -51a* — 5b° — 34ab

z = z(a, b)= 2(1156a* — 4b* - 34ab® + 578ah) + 1

w = w(a, b) = 2(1156a* — 4b* - 34ab’+ 578ab) -1

R =R(a, b) = 17a*+ b® + 8ab

Observations:

1. R(3a,3a) — 234t,,=0

2. 5x(a,1)-3y(a,1)-Cty5 ,—Sa —564 ty ,+G35,=0(mod 3)

3. R(a,2a-1) — Sa — Ctyg, — 23t 4 +G3p= 0(mod2)

4. 32(1,1) -3W(1,1) -OH, =0

5. X [a,a(2a2—1)] + y[a,a(2a2—1)] - 34t4,+250,=0

6. y (1) -FR,=0.

7.5x[A (A+D)(2A+1)]-3y[A (A+1)(2A+1)] - 578T, , =O0.
8.x(LA)+yLA)+2T,,-T,,=0.

9.R(2,2) =0 (mod?2).

2.4 Pattern: IV
Again take (3) as 1 *v* = 17R* — u® (11)
~(VI7+1)(/17-1)

Take las1 " (12)
Putv = 17a’ — b® = (V17a-h) (V17a+h) (13)
Using (12) and (13) in (11), it takes form as
TV 178 - b)? (VT7a+h): = (VITR- u)
(VI7R+u) (14)
This gives us

R=R (a b)= (172’ + b’ + 2ab)

u=u(a, b) = (17’ + b+ 34ab) (15)
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Putting ‘a’ by 4A and ‘b’ by 4B in the above

equations (13) and (15), it is found as

R =R (A, B) = 68A? + 4B + 8AB

u=u(A, B) = 68A% + 4B + 136AB

V=V (A, B) = 272A% - 16B®

On putting the values of u and v in (2), the non —zero
different integrals values of X, y, z, w and R of (1) are found
as

x = x(A, B) = 340A% - 12B* + 136AB

y =y (A, B) = - 204A? + 20B% + 136AB

z=1z (A B)=2(18496A" - 64B* + 36992A°B —

2176AB%) +1

w=W(A, B) = 2(18496A" — 64B* + 36992A°B —

2176AB%) -1

R =R (A, B) = 68A% + 4B* + 8AB

Observations:

1. R(2b,2b)-3201t,,=0

2. X (b +1,b+2) - y(b+1,b+2) _512t4,b —GygoptPTe=0

3. Y[LAQ2A%-1)] + 3 [1LA(2A%1)] -32 (SOa)2 — 160 S0a= 0
4. X (1,A) -y (1,A) + 32 T4,A —Sipp= O(mOd 3)

5. 3z(4,1) - 3W (A1) is a Nasty number

6.12y[1, B(2B? +1)] + 20x[1, B(2B? +1)] - 435250, =0 (mod2).
7.X(2,2) - y(2,2).=0 (mod?2).

8.x(A0)-340t, , =0

9.X[L, A(A+1)]- y[L, A(A+1)] +32(P,)* =0 (mod2).

10.2(2,2) + w(2,2) =0 (mod?2).

2.5 Pattern: V
Let us take (3) as u” - R* = 16R?*- v*

(U+R) (U-R) = (4R +V) (4R —-v). (16)
u+R — 4R-V — é, B0 (17)
4R+V U-R B

This gives us the equations as

-UA+R(4B+A)-VB=0

uB+R (B-4A)—VA=0

By cross multiplication, it leads to

u=u (A B)=—A?- B“8AB

R=R(A B)=-A?_B?

v=V(A, B) = 4A%4B? — 2AB

Puting the values of u and v in (2), the non — zero different

integral values of x, y, z, w and R of (1) are found as,

x =X (A, B) = 3A? - 6B*-10AB

y = y(A, B) = — 5A? +5B? —6AB

7=z (A, B) =2[-4A* - 4B*+8 A? B’-30 A’B +30AB’] +1
w=w(A,B)=2[-4A*-4B*+8A’B*-30A°B+30AB%] — 1
R=R(A B)=-A?-B’

Observations:

1. R [1,A(A+1)] + (PA)*= woodall number

2. R [A+1,A+2] + Po =0 (mod 3)

3. 5x[1,A(2A%-1)] + 3[1,A(2A%*1)] + 68 SOA=0

4. X[1L,A(A+1)]- 3R [1,A(A+1)] + 10P, = 6,

a Nasty Number

5. y(2A,1) +5R (2A,1) + 28 t4 o + 12 Po=0
6.6X[A(2A% +1),1]+10y[A(2A® +1),1] - 3600H , = 0.
7.X(2,2) — y(2,2).is. isa perfectsquare.

8.7[2,2] — w(2,2). isasquare number
9.R[A,(2A-1)]+T,, , = carol number

10.X[A(2A% —1), A(2A? —1)]+10S0, =0

3. CONCLUSION

It is interest to see that in (2), the transformations for z and
w maybe taken as z = 2u + v and w =2u — v. For this
choice, the values of X, y and R are the same as above where
as the valueof z and w changes for every method. One may
try to see biquadratic Diophantine equations with
multivariables (>5) and search for their non-zero distinct
integer solutions together with their similar observations.
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