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Abstract
Four different methods of the non-zero non-negative solutions of non- homogeneous cubic Diophantine equation x* + y* — xy =
397° are obtained. Some interesting relations among the special numbers and the solutions are exposed.
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e *kk_____ .
2010 Mathematics subject classification: 11D25 Usin_g (4) and (5_) in (3) and this gives .
Symbols used: (u+i J§V)3(U i J§V)3 =(6+i/3)(6-1y3)
tn =L nr(m - 2y (m_ 4 (a+i /3 b)’(a-i 3 b)
M =2 [( )—( )]
m— 1 2 3 It gives us
P gt enim =2 =0 (m=9)] U3V = (6+15) @+ivab) ©)
G,=2n-1
U-iyav=(6-iyz)@-ivab)’ ™
1. INTRODUCTION
The number theory is the king of Mathematics. In particular, C‘lmpa““g_b"tﬂ sides OI () 02r (), "!e obtain
. . . u=u(a, b) =6a’ - 36ab“— 6a‘h + 9b
the Diophantine equations have a blend of attracted _ _.3 2 2 3
. . - . v =V(a, b) =a’ — 6ab“+12a°b — 18b
interesting problems. For a broad review of variety of
problems, one may try to see [3-12]. In this work, we are . .
observed another interesting four different methods of the In_5|ght of (E)’ t?e solut|20 ns x,zy are f? und o be
. . X =X (a, b) = 7a” — 42ab” + 6a°b — 9b (8)
non-zero non-negative solutions the non - homogeneous
cubic Diophantine equation x> + y* — xy = 39z° Further, _ .3 2 1on2 3
some elegant properties among the special numbers and the y =Y (a b)=5a" - 30ab™18a’b +27b ©)
solutions are observed. Hence (4), (8) and (9) gives us two parametric the non-zero
different integral val f (1).
2. DESCRIPTION OF METHOD ifferent integral values of (1)
Consider the cubic Diophantine equation Observations:
x> +y?—xy = 3972° 1) 1. y(b, b) — x (b, b) — 136P,% + 68t »= 0
Take the linear transformations x = u +v, 2.2(a, 8) -41,,= 0
y=U—V, Uu=vz0) ) 3.X(8, 1) — upa+ tya+ G +8=0
5 —
Using (L) in (2), it gives us u® +3v* =397° ®) 4 x(1,8) * 18P, + 33t5 — Gaze= 0 (Mod 2)

5.y(1, 8) —54P,° + 57t, ;+Gg.= 0(Mod 3).
6. X (3b, 3b) +10 P,° + 5t,;, = 0.
7.y (2a, 2a) + 1376 P, — 688 t,, = 0
where a and b non-zero non- negative different integers, 8.7 (a, 22)— 13t,, = 0

. y a .

then we solve(1) through dissimilar method of solutions of
(1) which are furnished below.

If we take z = z (a, b) = a® +3b% = (a +i/3 b)
@-iyzh), (@)

2.2method: 11
2.1 Method: | We also write 39 as
We can write 39 as 39 = (9+i5/3)(9—i5/3) (10)
39=(6+i/3) (6-3) ®) 4
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Using (4) and (10) in (3) and we obtain
(U+i/3V)(u-i~/3V)=[(9+i5/3)(9-i5/3)
@+ivab)’(@-iyzb)]

Comparing both sides of above, we are found to be
(U+i/3Vv) = 1100+i5+/3) (@a+i~/3b)7 (11)
2

(u -iﬁv):% [(9-15/3) (@-i+/3b)]] (12)

Comparing both sides of (11) or (12), we obtain
u=u(a b) = 1 [9a®— 54ab? — 30a% + 45b7]
2

v=v(a b)= 1 [5a°-30ab’+ 18a% - 27b%]
2

In true of (2), the values of x, y are given by
X = X (a, b) = 7a® — 42ab® — 6a’h + 9b° (13)

y =y (a b) = 2a® — 12ab* — 24a’b + 36b° (14)

Hence (4), (13) and (14) gives us two parametric the non-
zero different integral values of (1).
Observations:

1.y(b, b) — x (b, b) + 88p,>- 44t, , = 0

2.2x (b, b) — 9y (b, b) + 164P,° - 82t, , = 0
3. x(a, 1) — 14P,> + 13t , + G51,=0 (Mod 5)
4.y(1, b) -72Py’ + ts,,+23t, ,= 0 (Mod 2)
5.2(a, 2a) —tyga- Gen—1=0

6. x (a, 3a) +580 P, — 290 t, , =0

7.z (4a, 4a) — 64 t4,, = 0

8.y (a,-a) -4 Py’ +2t,, = 0.

2.3 Method: 111

Let us take (3) as u® + 3v> = 392> * 1 (15)
Consider 1as 1= A+iv3)A—i/3) (16)
4

Using (4), (5) and (16) in (15) and it gives us
(U+i/3V) (U-i/3V) = %[(1+i V3) (1-i/3)
(6+i/3) (6-1+/3)(a+i /3 b)’ (a-i /3 b)’]

It gives us
U +i/3v) =%[(1+i\/§)(6 + i/3)@a+ iJ/3b)
(17)

(u-i\/§V)=%[(1-i\/§)(6-iJ§)(a-iJ§b)3] (18)

Comparing both sides of (17) or (18), we obtain

u=u(a b)= 1 [3a% 18ab? - 42a’h + 630%]

N

v=v(a b)= 1 [7a®- 42ab*+ 6a’b - 9b%]
2

In sight of (2), the values of X, y are given by
X = X (a, b) = 5a° — 30ab? — 18a%h + 27b* (19)

y =y (a, b) = -2ab®+ 12ab® — 24a’b + 36b° (20)

Observations:

.y(a,a) —x (a, a) - 76a° + 38, , = 0

. X (1, b) + 57t,, - 54P,° — Gg,= 0 (Mod 2)

. 2x(b, b) + 5y(b, b) — 156P, + 78t,, = 0

.2 (b,b)-4t,,=0

.Y(1,b) — 72P,° + Gypp + 48t + 1 = 0.
.X(b, 1) = 10 P> + 23t,, + G15,= 0 (Mod 2)
. Z(6a, 6a) — 14t t,, = 0.

. X(2b, 3b) =3 P>+ 31t,,=0.

o N oo o B~ W DN

2.4 Method: IV

Replace (16) by 1= @ +i4+/3)(1—i4+/3) (21)
49

Using (4), (10) and (21) in (15) and this gives us

(U+i/3V) (U-13V) 2 149 [(1+i4/3)(1-1/3)(9-15/3)

(9+5 /3 ) (a+i /3 b)*(a-i /3 b)’]

This gives us

(U+iv/3V) =1 [(1+i4/3)(0+i5/3)@+iv/3b)] (22)
14

@ivav = L [0-45) @-533) @-iva b

Comparing both sides of (22) or (23), it gives us

u=u(a b)= 1 [-51a’+ 306ab’> - 246a’h + 369b°]
14

v=v(a b)= 1 [41a°—246ab’— 102a% + 153b°
14

In true of (2), the values of x, y are given by

x = x (a, b)= 1 [-5a%+ 30ab?- 174a% +261b° (24)
7

y =y(a, b) =1 [- 46a° + 276ab? —72a’b 108b%] (25)
7
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Since our intension is to find integer solutions, taking a as
7a and b as 7b in (4), (24) and (25), the related
parametricinteger values of(1) are found as

X = X (a, b) = - 245a° + 1470 ab? — 8526a’h + 12789b°

y =y (a, b) = 2254a° + 13524ab? — 3528a’h + 5292b*
z =17 (a, b) = 49a° + 147b?

Observations:

1.x(a, a) — y(a, a) + 24108P,— 12054 t4.=0
2.2(a,8) —ta040—Gora— Pa—1+1t,,=0

3. X (1, b) + 244 + Gpg5, — 5578P,° + 13191, = 0
4.y (a, 1) —2508P,° + 5782t .— Gg762a — 5293 = 0
5. z(a, 1) — 49t,,= 0 (Mod 7)

6. x(b, 1) + 490 P+ 8381 t;;, — Gyas,= 0 (Mod 2)
7. y(b, 1) — 4508 P>+ 5782 t,}, — Gerg2,p — 5293 =0.
8.2(3a,3a) — 864 t,, = 0

3. CONCLUSION

Here we observed various process of determining infinitely
a lot of non-zero different integer values to the cubic
Diophantine equation x?+y*~xy =39z°.0ne may try to find
non-negative integer solutions of the above equations
together with their similar observations.
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