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Abstract 
A numerical algorithm is presented for studying Marangoni convection flow over a flat plate with an imposed temperature 

distribution. Plate temperature varies with x in the following prescribed manner: where A and k are constants. 
By means of similarity transformation, the original nonlinear partial differential equations of flow are transformed to a pair of 
nonlinear ordinary differential equations. Subsequently they are reduced to a first order system and integrated using Newton 
Raphson and adaptive Runge-Kutta methods. The computer codes are developed for this numerical analysis in Matlab 
environment. Velocity profiles for various values of k, and temperature profiles for various Prandtl number and k are illustrated 
graphically. The results of the present simulation are then compared with the previous works available in literature with good 
agreement. 
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---------------------------------------------------------------------***--------------------------------------------------------------------- 

List of Symbols 
A constant defined in eq (4a) 
a constant defined in eq (6) 
c1, c2 defined in eq (6) 
d constant defined in eq (6) 
f   function defined in eq (6) 
h constant defined in eq (6) 
k    temperature gradient exponent 
Pr  Prandtl number, dimensionless 
T   temperature, K 
T∞   free streams temperature, K 
u velocity component in x, m/s  
v  velocity component in y, m/s 
x  coordinate from the leading edge, m 
y  coordinate normal to plate, m 
z1, z2, z3, z4, z5 variables, eq (11) 
                                                                                                          
Greek Symbols 
θ  function defined in eq (6), dimensionless 
α thermal diffusivity, m

2
/s 

μ     dynamic viscosity, N.s/m
2
 

η   similarity variables, defined in eq (6) 
ψ stream function, m

2
/s 

ρ  density, kg/m
3
 

σ surface tension, m/s 
 

1. INTRODUCTION 

Any variations in temperature or composition result in local 
variations of surface tension along a liquid free surface and 
thus induce convective motion. This effect is called 
Marangoni convection. There have been a number of studies 
on Marangoni convection over a plate due to its relevance to 
a variety of industrial applications and naturally occurring 

processes, such as crystal growth melts, micro-fluidic and 
integrated DNA analysis devices, extraction processes, flow 
of sap in the xylem of high trees etc. The earliest analytical 
investigation in this direction was done by Weber [1], 
Thomson [2] and Marangoni [3]. Subsequently, this type of 
convection was studied in various geometries by researchers 
[4-13]. 
 
The objective of the present study is to develop a simple 
accurate numerical scheme of Marangoni convection flow 
over a plate with an imposed temperature distribution. 
 
The paper is organized as follows: Mathematical model of 
the problem, its solution procedure, development of code in 
Matlab, interpretation of the results, comparison with 
previous work available in literature. 
 

2. MATHEMATICAL MODEL 

We consider the Marangoni-driven boundary layer flow 
over a non-isothermal horizontal flat plate where plate 
temperature T varies with x in the following prescribed 

manner: where A and k are constants. We 
assume [14] that the surface tension varies linearly with 

temperature as , where  and  are 
the characteristics surface tension and temperature, 

respectively, and we assume that . For most liquids, 
the surface tension decreases with temperature; that is, 

 is a positive fluid property. We also 
assume the convection flow to be steady, laminar, two-
dimensional, and the fluid to be Newtonian with constant 
properties. We take the direction along the plate to be x, and 
the direction normal to surface to be y. 

T x T Axk( , )0 1 
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The equations governing the flow are  
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The boundary conditions on the solution are: 

At y = 0: 

 

 

                                                         4a 

 

For large y:  

 

                                                                                                             4b 

 

The continuity equation (1) is automatically satisfied 

through introduction of the stream function:  

                                                     5 

 

With the introduction of the following similarity variables  

                                                 

 

    
                                                   6 

equations (2) and (3) may be rewritten as (with a prime 

denoting differentiation with respect to η)  

                                       7                    

                                                8   

 

where the coefficients and exponents are 
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The appropriate boundary conditions are:   

 

at η = 0:   

 

at large η:  

                                                                                             10 

 

3. SOLUTION PROCEDURE 

Eqs (7) and (8) are nonlinear ordinary differential equations 

for the velocity and temperature functions, and θ, and 

are independent of each other. Eq (7) is solved first and then 

eq (8). No analytic solution is known, so numerical 

integration is necessary [15]. There are two unknown initial 

values at the wall. One must find the proper values of 

and  which cause the velocity and temperature to their 

respective free stream values for large η. The Prandtl 

number, Pr and the temperature gradient exponent, k are 

parameters. 

 

3.1 Reduction of Equations to First-order System 

This is done easily by defining new variables: 
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Therefore from eqs (7) and (8), we get the following set of 

differential equations 

 

 

 

 

 

                                  12 

Eq (7) is third-order and is replaced by three first-order 

equations, whereas eq (8) is second-order and is replaced 

with two first-order equations. 

 

The boundary conditions are then: 

 

 

 

 

 

                                                            13     

 

u
u

x
v
u

y
v
u

y












 

2

2

u
T

x
v
T

y

T

y












 

2

2






u

y

d

dT

dT

dx
y y 

 
0 0

v x( , )0 0

T x T Axk( , )0 1 



u x( , )  0

T x T( , )  

u
y

v
x

  








  c x yd1

f c xa( )  2

 ( )
( , )


 T x y T x

A

h

      f aff d a f( ) 2 0

       Pr( )af hf 0

c
d dT A

1 2
3
( ) 



c
d dT A

2

2

3


 ( )

d
k


1

3

a
k


 1

3
h k  1

f f    0 1 1, , 

  f 0 0, 

f

f ( )0

 ( )0

z f1 

z z f2 1   

z z z f3 2 1    

z z z f d a z az z3 2 1 2

2

1 3

' '' ''' ''' ( )      z4 

z z5 4   

z z az z hz z5 4 1 5 2 4

' '' '' Pr( )   

  z f1

   z z f2 1

z z z f d a z az z3 2 1 2

2

1 3

' '' ''' ''' ( )     

  z4 

z z az z hz z5 4 1 5 2 4

' '' '' Pr( )   

z f1 0 0 0( ) ( ) 

z z f2 1 0( ) ( ) ( )' '     

z z z f3 2 10 0 0 0 1( ) ( ) ( ) ( )' '' ''    

z4 0 0 1( ) ( ) 

z4 0( ) ( )   



IJRET: International Journal of Research in Engineering and Technology        eISSN: 2319-1163 | pISSN: 2321-7308 

 

_______________________________________________________________________________________ 

Volume: 05 Issue: 03 | Mar-2016, Available @ http://www.ijret.org                                                                               469 

3.2 Solution to Initial Value Problems 

To solve eqs (12), we denote the two unknown initial values 

by a1 and a2, the set of initial conditions is then: 
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If eqs (12) are solved with adaptive Runge-Kutta method 

using the initial conditions in eq (14), the computed 

boundary values at 
  

 depend on the choice of a1 and 

a2 respectively. We express this dependence as  

 

 

                                               15 

 

The correct choice of a1 and a2 yields the given boundary 

conditions at 
  

; that is, it satisfies the equations 

 

 

                                                                      16 

 

These nonlinear equations are solved by the Newton-

Raphson method.  

 

3.3 Program Details 

This section describes a set of Matlab routines for the 

solution of eqs (12) along with the boundary conditions 

(14). They are listed in Table 1. 

   

Table 1. A set of  Matlab routines used sequentially to solve 

Equations (12). 

Matlab code Brief Description 

 

deqs.m Defines the differential equations (12). 

incond.m Describes initial values for integration, 

a1 and a2 are guessed values, eq (14) 

runKut5.m Integrates as initial value problem 

using adaptive Runge-Kutta method.  

residual.m Provides boundary residuals and 

approximate solutions. 

newtonraphso

n.m 

Provides correct values a1 and a2 using 

approximate solutions from  residual.m  

runKut5.m Again integrates eqs (12) using correct 

values of a1 and a2.  

 

The final output of the code runKut5.m gives the tabulated 

values of , , as function of  η for various values of 

k , and and  as function of  η for various values of 

Prandtl number and k.  

4. INTERPRETATION OF THE RESULTS 

4.1 Dimensionless Velocity and Temperature 

Profiles 

Physical quantities are related to the dimensionless functions 

and through eq (6). and are now known. Some 

accurate initial values from this computation for velocity 

and temperature profiles are listed in Tables 2 and 3. From 

this we can find all the flow parameters of interest to flat 

plate. 

 

Table 2. Computed values of  and  

 k=-0.5 k=0 k=1 k=1.5 

 
1.7189 1.2926 1.0000 0.9228 

 
2.1184 1.4814 0.9995 0.8754 

 

Table 3. Computed values of   

 k = -0.5 k = 0 k = 1 k = 1.5 

Pr=0.001 -0.0028 -0.0026 -0.0031 -0.0036 

Pr=0.002 -0.0048 -0.0050 -0.0060 -0.0066 

Pr=0.004 -0.0090 -0.0098 -0.0119 -0.0128 

Pr=0.006 -0.0133 -0.0147 -0.0178 -0.0190 

Pr=0.008 -0.0174 -0.0195 -0.0236 -0.0253 

Pr=0.01 -0.0213 -0.0243 -0.0294 -0.0315 

Pr=0.02 -0.0413 -0.0476 -0.0577 -0.0617 

Pr=0.04 -0.0794 -0.0921 -0.1114 -0.1190 

Pr=0.06 -0.1155 -0.1338 -0.1615 -0.1726 

Pr=0.08 -0.1497 -0.1731 -0.2087 -0.2228 

Pr=0.1 -0.1821 -0.2102 -0.2532 -0.2703 

Pr=0.2 -0.3238 -0.3716 -0.4454 -0.4750 

Pr=0.4 -0.5453 -0.6192 -0.7392 -0.7874 

Pr=0.6 -0.7142 -0.8130 -0.9689 -1.0317 

Pr=0.8 -0.8582 -0.9765 -1.1628 -1.2380 

Pr=1 -0.9848 -1.1200 -1.3333 -1.4194 

Pr=5 -2.4426 -2.7827 -3.3165 -3.5315 

Pr=10 -3.5239 -4.0208 -4.7969 -5.1090 

Pr=20 -5.0495 -5.7692 -6.8887 -7.3384 

Pr=40 -7.2043 -8.2401 -9.8458 -10.4901 

Pr=60 -8.8569 -10.1356 -12.1145 -12.9082 

Pr=80 -10.2499 -11.7333 -14.0270 -14.9467 

Pr=100 -11.4769 -13.1400 -15.7119 -16.7426 

 

Some typical velocity profiles for different values of the 

temperature gradient exponent (k) obtained using this 

procedure are shown in Fig 1.  
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Fig. 1 Dimensionless velocity distributions for various 

values of k. 

 

Variations of θ with η for various values of k with Prandtl 

number as parameters obtained from the code are shown in 

Fig 2. 

 

 
Fig 2a. Solution of θ for k = -0.5 for high Prandtl numbers. 

 

 
Fig 2b. Solution of θ for k = -0.5 for low Prandtl numbers. 

 
Fig 2c. Solution of θ for k = 0 for high Prandtl numbers. 

 

 
Fig 2d. Solution of θ for k = 0 for low Prandtl numbers. 

 

 
Fig 2e. Solution of θ for k = 1for high Prandtl numbers. 
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Fig 2f. Solution of θ for  k = 1 for low Prandtl numbers. 

 

 
Fig 2g. Solution of θ for k = 1.5 for high Prandtl numbers. 

 

 
Fig 2h. Solution of θ for k = 1.5 for low Prandtl numbers. 

 

These theoretical profiles (Fig 1 and 2) are in good 

agreement with the previous works [16, 17]. 

 

 

4.2 Approximate Analysis of the Energy Equation  

In the low Prandtl number region, the thermal boundary 
layer thickness is much larger than the momentum boundary 

layer thickness. So, over most of the domain of η, is 

zero and is . Hence, energy equation (8) may be 
approximated as  

                                                    17 
 
Its solution subject to the boundary conditions (10) is  

                                              18 
 
The temperature gradient at the plate surface is then  

                                                 19 
 
Therefore, in the low Prandtl number region, the surface 

temperature gradient , should be proportional to the 
Prandtl number. 
 
In the high Prandtl number region, the thermal boundary 
layer thickness is much smaller than the momentum 
boundary layer thickness. So, over most of the domain of η, 

is zero and is . Hence, energy equation (8) 
may be approximated as  

                                      20 
 
Its solution is 

                                              21 
 
and temperature gradient at the plate surface is  

                                               22 
 
Therefore, in the high Prandtl number region, the surface 

temperature gradient , should be proportional to the 
square root of Prandtl number. 
 
The variation of surface temperature gradient with Prandtl 
number for several values of temperature gradient exponent 
is drawn from 
 

 
Fig. 3. Variation of surface temperature gradient with Pr 
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Table 3 and shown in Fig 3. The slop of the curve on 

logarithmic scale is one for small Prandtls and is half for 

high Prandtl numbers. This agrees well with the findings of 

previous works [16, 17] 

 

5. CONCLUSION 

In the present numerical simulation, Marangoni-driven 

boundary layer flow over a flat plate with an imposed 

temperature distribution is presented.  Details of the solution 

procedure of the nonlinear partial differential equations of 

flow are discussed. The computer codes are developed for 

this numerical analysis in Matlab environment. Velocity 

profile, and temperature profiles for Prandtl numbers 

ranging from 0.001 to 100.0 with temperature gradient 

exponent, k= -0.5, 0, 1, 1.5 are computed using these codes. 

The computed velocity and temperature distributions are in 

very good agreement with results published in literatures 

indicating that the developed numerical simulation may be 

an efficient and stable numerical scheme in Marangoni 

convection. 
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