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Abstract 

Gravitational Search Algorithm (GSA) is a newly heuristic algorithm inspired by nature which utilizes Newtonian gravity law and 
mass interactions. It has captured much attention since it has provided higher performance in solving various optimization 
problems. This study hybridizes the GSA and chaotic equations. Ten chaotic-based GSA (GSA-CM) methods, which define the 
random selections by different chaotic maps, have been developed. The proposed methods have been applied to the minimization 
of benchmark problems and the results have been compared. The obtained numeric results show that most of the proposed 
algorithms have increased the performance of GSA and have developed its quality of solution. 
 
Keywords: Computational Intelligence, Evolutionary Computation, Heuristic Algorithms, Chaotic Maps, Optimization 

Methods. 
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1. INTRODUCTION 
In physics, massive objects tend to accelerate towards each 
other. In Newton's law of gravitation, each object attracts 
one another with a particular fo rce, which is "gravitational 
force". GSA is a heuristic algorithm which utilizes 
Newtonian gravity law and mass interactions [1]. It has 
captured much attention. And it has been admitted this 
algorithm provides higher performance in solving various 
problems [1, 2]. In GSA, a number of agents referred to as 
masses are defined in order to find the optimal solution by 
simulations of Newtonian laws. The direction of the agent is 
calculated according to the total force gained by all other 
agents. The force is proportionate with fitness value. The 
mean ing of a heavier mass is a more efficient agent, namely  
better agents possess higher attractions and walk more 
slowly. 
 
As with other heuristic algorithms also in GSA, in different 
phases of evolution random alterat ions and selections are 
needed [3-9]. Generally, this randomness is provided with 
random equations with a long period. 
 
In these days, the notion of employing chaotic systems as a 
substitution of random processes has been gained acception 
in optimization studies. The chaotic dynamics can play the 
role of the randomness in optimization algorithms. The 
benefits of employing chaotic signals as substitution of 
random signals are shown in empirical studies [10-12]. 
Thus, the employment of defining chaotic signals as 
substitution of random sequences may be a potential way to 
improve the performance of GSA. 
 

This paper proposes Gravitational Search A lgorithm with 
Chaotic Map (GSA-CM) methods to solve the global 
optimization problems. The GSA -CM algorithms utilizing 
different chaotic systems replace random numbers for 
GSA’s different parameters. Thus, different methods 
employing chaotic maps as efficient substitutions for 
pseudorandom sequences have been suggested. Some 
benchmark problems have been studied in order to assess 
these algorithms. The results display the development of the 
new algorithm owing to the employment of the determin istic 
chaotic signals instead of random sequences. 
 
2. GRAVITATIONAL SEARCH ALGORITHM 
GSA has been inspired by the Newtonian laws is one of the 
newest heuristic algorithms [1]. According to the gravity 
law, each particle draws the other particles with a force. 
Similarly, in GSA, agents are a group of masses that interact 
with each other due to the laws of gravity and motion. The 
performance of agents is measured by their masses. This 
structure causes global motion of all of the agents towards 
the heavier agents. 
 
Considering the N  agents (masses) in a system, position of 

thi  agent is give as follows: 
 

 ....... .......   1,2,....., .d n
i i i iX x x x for i N   (1) 

 
where d

ix  is position of the thi  agent with dimension d  and 
n  which is the dimension of the search space. 
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In respect of GSA, the force from the thj  agent proceeding 
action the thi  agent is described as in the following: 
 

       
   

    -
,

i jd d d
ij j i

i j

M t M t
F t G t x t x t

x t x t 





 (2) 

 
Where  iM t  is mass of thi  agent,  iM t  is mass of thj  

agent,  d
ix t  is position of thi  agent in the d  dimension, 

 d
jx t  is position of thj  agent in the d  dimension,  G t  is 

gravitational constant at time t , ε  is a small constant, and 
   i jx t ,x t  is Euclidean distance between two agents thi  

and thj . In order to give stochastic characteristic to GSA, it  
supposes that the force that acts on thi  agent in the d  
dimension be a randomly weighted sum of thd  components 
of the forces exerted from other agents [1]: 
 

   
,

N
d d

i j ij
j kbest j i

F t rand F t
 

   (3) 

 
In GSA, the masses are calculated by fitness function. The 
better fitness value of agent has heavier mass. The masses 
are updated by the following equations: 
 

 
 

1

( )
 

                       1,2,.....  ( )

i
i N

j
j

m t
M t

m t

i N population number






  (4) 

 

     
   

-
-

i
i

f t worst t
m t

best t worst t
  (5) 

 
where  if t  is fitness value of thi  agent at time t , best (t)  
is fitness value of the best agent at time t , worst (t)  is 

fitness value of the worst agent at time t ,  im t  and 

 jm t  inertia masses of agents thi  and thj , respectively. 
Furthermore, acceleration of each agent is computed using 
the law of mot ion. The accelerat ion of the thi  agent at time 
t  and in direct ion thd  is given as in the fo llowing: 
 

   
 

d
d i
i

i

F t
a t

M t
  (6) 

 
Taken together, next velocity of an agent is computed as a 
fraction of its recent velocity added to its acceleration (7). 
After that, the next position of the agent can be computed 
employing (8): 
 

     1d d d
i i i iV t rand V t a t    (7) 

 

     1 1d d d
i i ix t x t V t     (8) 

 
The gravitational constant,  G t  given in (9) is important 
paradigm for perfo rmance of GSA. It is in itialized at the 
beginning, after that it will be decreased with time.  G t  is 
defined as follows: 
 

 
-

0

t
TG t G e

 
 
   (9) 

 
where 0G  is initial value of  G t , T  is total iteration 
number, t  is current iteration number and β  is a constant. 
 
3. GRAVITATIONAL SEARCH ALGORITHM 

WITH CHAOTIC MAP 
Recently, the constant increase in interest to use the chaotic 
equations instead of random process in different fields 
encourages the chaos studies also in optimization algorithms 
[10, 13, 14]. The random based optimizat ion algorithms 
need, by their nature, random sequences with a long period 
in most of the phases of evolution [15]. On the other hand, 
chaotic sequences provide easiness simplicity and rapidity. 
Therefore, randomness role can be provided with (obtained 
by) chaos sequences. Moreover, compared with the 
traditional algorithms, the employment of the chaotic 
sequences in stochastic algorithms can be beneficial to 
escape more easily  from local min ima. The advantages of 
the employment of chaotic signals as substitution of random 
signals are shown in empirical studies [16-19]. Hence, in  
this study, the evolution of chaotic based GSA, which  
defines the random selections by chaotic maps to develop 
the performance of GSA, has been focused on. 
 
In standard GSA, in the assignment of initial positions of 
agents, in the phase of weighted sum of the forces and 
velocity update random are needed. In this study, the 
proposed GSA-CM algorithms utilize chaotic systems-
generated sequences as substitution of random numbers 
when random selection is required. The chaotic maps used 
in numeric calcu lations are given below: 
 
3.1 Logistic Map 
The logistic map takes places of chaotic behaviors of 
biological population [20]. It is represented by: 
 

1 (1- )k k kX aX X   (10) 
 
where kX  is the thk  chaotic number, k  is iteration number. 
In the experiments a=4  is used. 
 
3.2 Tent Map 
This map seems to logistic map [21]. It is defined as 
follows: 
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1

/ 0.7 0.7
10 / 3 (1- )

k k
k

k k

X X
X

X X otherwise

 
  
 

 (11) 

 
3.3 Gauss Map 
The Gauss map [21] is represented by: 
 

1

/ 0.7 0
1/ mod(1) (0,1)

1 11/ mod(1) -

k k
k

k k

k
k k

X X
X

X X

X
X X



 
   

 
  

 

 (12) 

 
It is used for testing purpose in the literature. 
 
3.4 Circle Map 
The circle map [22] is defined as follows: 
 

1 - ( / 2 )sin(2 )k k kX X b a X     (13) 
 
with a=0.5  and b=0.2 , it generates chaotic sequence in 
(0,1) . 
 
3.5 Liebovtech Map 
Liebovtech map is formed of three linear segments [23]. It is 
defined by the following equations: 
 

1 1

2
1 1 2

2 1

2 2

0 ,
- ,
-

1- (1- ) 1

k k

k
k k

k k

a X X d
d XX d X d
d d

a X d X



  
 
    
 
   

 (14) 

 
Here 1d , 2d (0,1)  with 1 2d < d  and 
 

2
1 2 1 2 2 1 2 1

1 2

1
(1- ( - )),  (( -1) - ( - ))

-1
d

a d d a d d d d
d d

   

 
3.6 Zaslavskii Map 
The Zaslavskii map has spread-spectrum characteristic and 
large Lyapunov exponent [24]. It is defined by: 
 

1 1

-
1

( )mod(1)

cos(2 )
k k k

r
k k k

X X v aY

Y X e Y
 



  

 
 (15) 

3.7 Arnold’s Cat Map 
The Arnold Cat Map (ACM) was discovered by Vlad imir 
Arnold, and it utilizes the image of a cat while working on it 
[25]. Mathemat ically the ACM is represented as the 
following [26]: 
 

1

1

1 1
(mod1)

1 2
k k

k k

X X
Y Y





        
    

 (16) 

where  k kX ,Y 0,1 . 
 
3.8 Henon Map 
This map is a nonlinear 2-dimensioanan map employed for 
testing purpose [27]. It is defined as follows: 
 

2
1

1

1- ( )k k k

k k

X a X Y
Y bX





 


 (17) 

 
The suggested parameter values are a=1.4  and b=0.3  [27]. 
 
3.9 Kaplan-Yorke Map 
This map was used by Kaplan and Yorke introducing the 
idea of “Lyapunov dimension” [28]. It is conjectured that 
for an attractor of a typical dynamical system in a Euclidean 
space. The Kaplan-Yorke Map is defined as 
 

1

1

mod(1)
cos(4 )

k k

k k k

X aX
Y bY X






 

 (18) 

 
This is bounded for 0 a 2   and 0 b 1   [29]. 
 
3.10 Lozi Map 
This map is a simplification of the Henon map [27]. It is 
given in the following equations: 
 

1

1

1-k k k

k k

X a X Y
Y bX





 


 (19) 

 
The parameters used in this study are a=1.7  and b=0.5  as 
suggested in [13]. 
 
In the standard GSA, positions of agents (masses) are 
determined with random values. The derived GSA-CM 
algorithms make this definit ion in a chaotic way. The initial 
positions of the agents are formed by using the chaotic maps 
defined above. 
 
As it has been shown in (3), in standard GSA, in the 
calculation of the weighted sum of the forces, which acts on 
each agent, random selection is needed. The derived GSA-
CM algorithms define this random selection by chaotic 
maps. If (3) is modified again, it is defined as in the 
following: 

   
,

N
d d

i j ij
j kbest j i

F t X F t
 

   (20) 

 
where jX  is a chaotic variab le based on selected map. 
 
Lastly, in the velocity update of the agents given in (7), 
random generation is defined by using the chosen chaotic 
maps. If (7) is modified for the calcu lation of the next  
velocity vector of an agent, it is defined as in the following: 
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     1d d d
i i i iV t X V t a t    (21) 

 
The new position of the agent is defined by adding the 
obtained velocity to previous position value. 
 
4. TABLES, FIGURES, EQUATIONS 
This section provides an illustrative example to verify the 
efficiency of the proposed GSA-CM algorithm for solving 
optimization problems. A number of benchmark functions 
chosen from Back and Schwefel [30], Törn and Zilinskas 

[31], Leung and Wang [32], Yao et al. [33] are optimized  
using GSA-CM and compared with classical GSA in order 
to verify the efficiency of GSA-CM. These functions are 
widely used for measuring the performance of the 
optimization methods [1, 5, 7, 9]. The description of the test 
functions is provided in Table 1. 
 
For the GSA-CM using different chaotic maps, the numeric 
results belonging to F1 and F2 have been shown in Tables 2 
and 3 and the success rates have been shown in Tables 4 and 
5. 

 
Table -1 : Benchmark Functions 

Test Functions Function 
Name S Global 

Optimum 

 2

1
1 n

ii
F x


  Sphere [ 100,100]n  0.0 

 2

1 1
2 n i

ji j
F x

 
   Schwefel’s 

problem 1.2 [ 100,100]n  0.0 

2
1

3 10 (2 ) 10n
i ii

F x Cos x

      Rastrigin  [ 5.12,5.12]n  0.0 

2

1 1

1 14 20exp 0.2 exp cos2 20n n
ii ii

F x x e
n n


 

             
   Ackley  [ 32,32]n  0.0 

2 2 2
1 2 1 1 2 1 2 2

2 2 2
1 2 1 1 2 1 2 2

5 [1 ( 1) (19 14 3 14 6 3 )]
*[30 (2 3 ) (18 32 12 48 36 27 )]
F x x x x x x x x

x x x x x x x x
        

      
 Bran in 2 [ 2,2]n  3.0 

2 4 6 2 4
1 1 1 1 2 2 2

1
6 4 2.1 4 4

3
F x x x x x x x       Six-Hump 

Camel-Back [ 5,5]n  -1.031628 

 
Table -2 : Numerical Results of the Standard GSA and GSA-CM’s for F1 

Algorithms Best Mean Worst Std. Dev. 

Standard GSA 1.08504e-008 1.55138e-008 2.32555e-008 4.76666e-009 

Logistic  1.27586e-009 1.3817e-008 4.05096e-008 1.56888e-008 

Tent 5.88335e-009 2.79714e-008 5.36184e-008 2.11517e-008 

Gauss 5.4202e-010 9.15599e-009 2.39934e-008 9.65906e-009 

Circle 1.08009e-009 5.99466e-009 1.44881e-008 5.85688e-009 

Liebovtech 1.88308e-009 4.93247e-008 9.8853e-008 3.60687e-008 

Zaslavskii 1.41438e-008 2.65609e-008 4.6166e-008 1.22976e-008 

Arnold’s cat 6.00897e-009 1.47541e-008 2.87475e-008 9.49585e-009 

Henon 1.57695e-009 2.80361e-008 8.39646e-008 3.29036e-008 

Kaplan-Yorke 6.58545e-011 2.9106e-008 9.83325e-008 4.01756e-008 

Lozi 1.80762e-008 3.31738e-008 5.89339e-008 1.77055e-008 
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Table -3 : Numerical Results of the Standard GSA and GSA-CM’s for F2 
Algorithms Best Mean Worst Std. Dev. 

Standard GSA 7.96574e-009 1.85204e-008 5.28681e-008 1.93108e-008 

Logistic  2.92869e-009 2.87001e-008 6.56822e-008 2.41473e-008 

Tent 2.79917e-009 8.66532e-009 2.28325e-008 8.15879e-009 

Gauss 4.73325e-009 1.75748e-008 3.76001e-008 1.35134e-008 

Circle 4.03783e-009 2.60412e-008 5.95176e-008 2.37868e-008 

Liebovtech 1.58165e-009 6.4012e-009 1.52882e-008 5.83012e-009 

Zaslavskii 1.09711e-008 1.98896e-008 3.82406e-008 1.09273e-008 

Arnold’s cat 4.60037e-009 1.32515e-008 3.73009e-008 1.36296e-008 

Henon 7.96127e-009 1.58814e-008 2.89502e-008 8.49083e-009 

Kaplan-Yorke 3.84667e-010 9.53969e-009 1.45353e-008 5.76835e-009 

Lozi 1.41173e-008 4.41964e-008 1.09321e-007 4.11041e-008 
 

In this table, global optimum is the optimum value of the 
function, and S is the search space. F1 and F2 functions are 
unimodal, F3 and F4 functions are multimodal having 
several local minima. Multimodal functions comprise the 
most difficult class of problems because the number of local 
minima increases exponentially with the problem dimension 
[31]. F5 and F6 functions are low-dimensional functions 
having only a few local minima. 
 
Comparisons are performed over 30 runs in simulat ion 
studies, and the best solutions of the 30 independent runs are 
summarized in Tables 2-13. For each method, the Best, 
Mean and Standard Deviation (Std. Dev.) are calculated 
from the simulated runs. Another criterion defin ing the 
performance of the algorithms is the success rate. Here, the 
success rate (SR) can be defined as in the following: 
 

100 |
level

successfull
Q

all

N
SR

N
   (22) 

 
where successfulN  is the number of trials, which found the 
successful solution in the allowable maximum iteration. 

allN  is the number of all trials. levelQ  is an acceptance 
tolerance. 
 
In all cases, the population size N , is set to 30. The number 
of variables is set to two. For GSA and GSA-CM, system 
parameters 0G  and β  are set to 100 and 10, respectively. 
The number of iterat ions is considered to be 500. 
 
According to the numeric results, it is seen that both GSA 
and GSA-CM using different chaotic maps have given 
similar results for unimodal functions. On the other hand, 
when the algorithms are evaluated according to success rate 
criterion, some proposed algorithms are seen to have been 
more successful. It can be said that the GSA -CM using 
Kaplan-Yorke map has given the best value in terms of 
success rate. 

 
Table -4 : Success Rates of the Standard GSA and GSA-

CM’s for F1 
Algorithms 1 6levelQ e   1 7levelQ e   

Standard GSA 81 15 

Logistic 75 15 
Tent 78 16 

Gauss 91 24 

Circle 90 25 
Liebovtech 82 17 

Zaslavskii 81 19 
Arnold’s cat 78 18 

Henon 66 17 
Kaplan-Yorke 91 29 

Lozi 49 13 
 

Table -5 : Success Rates of the Standard GSA and GSA-
CM’s for F2 

Algorithms 1 6levelQ e   1 7levelQ e   
Standard GSA 63 12 

Logistic 63 8 
Tent 77 21 

Gauss 80 27 
Circle 71 15 

Liebovtech 82 21 
Zaslavskii 69 15 

Arnold’s cat 79 23 

Henon 67 17 
Kaplan-Yorke 84 28 

Lozi 41 5 
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Table -6 : Numerical Results of the Standard GSA and GSA-CM’s for F3 
Algorithms Best Mean Worst Std. Dev. 

Standard GSA 0.000953528 0.796295 0.995271 0.444609 

Logistic  0.000148137 0.796246 1.9906 0.83261 

Tent 5.78428e-005 0.199203 0.995007 0.444868 

Gauss 0.000121711 0.000544 0.00136897 0.000578 

Circle 5.07353e-005 0.398111 0.995078 0.544933 

Liebovtech 0.000164111 0.39834 0.995473 0.545002 

Zaslavskii 2.17192e-005 0.199191 0.994985 0.444862 

Arnold’s cat 8.71806e-006 0.199324 0.995359 0.444997 

Henon 0.000219196 0.597304 0.995468 0.544842 

Kaplan-Yorke 7.82784e-007 0.596978 1.98992 0.889921 

Lozi 0.000222194 0.399055 0.996895 0.544972 
 

Table -7 : Numerical Results of the Standard GSA and GSA-CM’s for F4 
Algorithms Best Mean Worst Std. Dev. 

Standard GSA 0.000182623 0.000389226 0.000567831 0.000184589 

Logistic  0.000220184 0.000375717 0.000521622 0.000118569 

Tent 0.000211031 0.000364735 0.000522111 0.000141234 

Gauss 0.00013141 0.000314793 0.00057734 0.000166245 

Circle 0.000158603 0.000348678 0.000472937 0.000145746 

Liebovtech 0.000146454 0.000311924 0.000710498 0.000248748 

Zaslavskii 0.000141938 0.000327622 0.000737807 0.000251274 

Arnold’s cat 0.000177128 0.000356762 0.00049968 0.000147754 

Henon 0.000159436 0.000460282 0.00109478 0.000384062 

Kaplan-Yorke 0.000126635 0.000281737 0.000488754 0.000118427 

Lozi 0.000152235 0.00054905 0.00094647 0.000356016 
 

Table -8 : Success Rates of the Standard GSA and GSA-
CM’s for F3 

Algorithms 1 6levelQ e   1 7levelQ e   

Standard GSA 9 1 
Logistic  20 3 

Tent 57 12 
Gauss 67 6 
Circle 47 11 

Liebovtech 47 3 
Zaslavskii 56 13 

Arnold’s cat 51 7 
Henon 23 3 

Kaplan-Yorke 68 9 
Lozi 17 2 

 

Table -9 : Success Rates of the Standard GSA and GSA-
CM’s for F4 

Algorithms 1 6levelQ e   1 7levelQ e   

Standard GSA 100 16 
Logistic  100 21 

Tent 100 21 
Gauss 100 26 
Circle 100 17 

Liebovtech 100 23 
Zaslavskii 100 22 

Arnold’s cat 100 22 
Henon 100 16 

Kaplan-Yorke 100 29 
Lozi 100 21 
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Table -10: Numerical Results of the Standard GSA and GSA-CM’s for F5 
Algorithms Best Mean Worst Std. Dev. 

Standard GSA 3.0 3.00001 3.00158 3.82537e-006 

Logistic  3.0 3.00001 3.00121 9.49787e-006 

Tent 3.0 3.00001 3.0029 4.6935e-006 

Gauss 3.0 3.00001 3.00117 2.83164e-006 

Circle 3.0 3.00001 3.00158 1.39615e-005 

Liebovtech 3.0 3.00001 3.00145 9.47017e-006 

Zaslavskii 3.0 3.00001 3.00244 3.3804e-006 

Arnold’s cat 3.0 3.00001 3.00122 2.69802e-006 

Henon 3.0 3.00001 3.00192 6.67969e-006 

Kaplan-Yorke 3.0 3.00001 3.00147 2.3994e-006 

Lozi 3.0 3.00002 3.01787 2.17198e-005 
 

Table -11: Numerical Results of the Standard GSA and GSA-CM’s for F6 
Algorithms Best Mean Worst Std. Dev. 

Standard GSA -1.03163 -1.03163 -1.03157 2.81315e-007 
Logistic  -1.03163 -1.03163 -1.0316 2.68685e-007 

Tent -1.03163 -1.03163 -1.03159 1.76981e-007 
Gauss -1.03163 -1.03163 -1.03161 9.67557e-008 
Circle -1.03163 -1.03163 -1.0316 1.44294e-007 

Liebovtech -1.03163 -1.03163 -1.03161 9.84037e-008 
Zaslavskii -1.03163 -1.03163 -1.0316 9.68491e-008 

Arnold’s cat -1.03163 -1.03163 -1.03161 1.55772e-007 
Henon -1.03163 -1.03163 -1.03157 2.18973e-007 

Kaplan-Yorke -1.03163 -1.03163 -1.03162 8.50546e-008 
Lozi -1.03163 -1.03163 -1.03136 1.48907e-006 

 
Tables 10-13 show the numeric results obtained for F5 and 
F6 functions. All algorithms have succeeded to reach the 
global optimum. 
 

Table -12: Success Rates of the Standard GSA and GSA-
CM’s for F5 

Algorithms 1 6levelQ e   1 7levelQ e   

Standard GSA 36 7 

Logistic 41 5 
Tent 57 5 

Gauss 58 8 
Circle 42 5 

Liebovtech 47 5 
Zaslavskii 49 4 

Arnold’s cat 51 7 
Henon 37 4 

Kaplan-Yorke 66 10 
Lozi 27 5 

 

Table -13: Success Rates of the Standard GSA and GSA-
CM’s for F6 

Algorithms 1 6levelQ e   1 7levelQ e   

Standard GSA 100 94 
Logistic 100 93 

Tent 100 94 
Gauss 100 97 

Circle 100 93 
Liebovtech 100 95 

Zaslavskii 100 96 

Arnold’s cat 100 94 
Henon 100 86 

Kaplan-Yorke 100 99 
Lozi 97 56 

 
The numeric results for the multimodal functions are given 
in Tables 6-9. Since these functions have many local 
minima, the solution of the problem becomes difficult. 
According to the obtained numeric results, the proposed 
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algorithms can be said to have been successful and to have 
developed the performance of the standard GSA. 
 
According to Table 12, the success rate of the standard GSA 
for F5 function is 36% for 1 4levelQ e  . The GSA-CM 
using Kaplan-Yorke map heads with the success rate of 
66%. Similar results have been obtained also for F6 
function, GSA-CM algorithms using Kaplan-Yorke and 
Gauss map have been seen to have the highest success rate. 
 
5. CONCLUSIONS 
This study generates GSA-CM methods, which use different 
chaotic maps, in order to develop the performance of the 
standard GSA. Ten different chaotic maps by hybridizing 
with the GSA have been used for solving benchmark 
problems. The proposed algorithms have been compared 
both in terms of numeric results and success rates. The 
obtained results show that when random generation is done 
with chaotic maps in the algorithms where random 
selections are used, it has increased the performance of the 
algorithm, and the results show that chaotic maps like 
Kaplan-Yorke, Gauss and Zaslavskii can be best categorized  
as GSA-CM methods. 
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