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Abstract
Ideals play an important role in the Algebraic structures like rings, semigroups and semirings. In this paper some generalizations
of ideals in regular partially ordered (po) gamma ternary semigroups are studied. It is proved that “every ideal of a regular po -
gamma - ternary semigroup T is semiprime” and some equivalent conditions.
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1. INTRODUCTION

The theory of ternary algebraic system was introduced by
D.H. Lehmer [2] in 1932, but earlier such structures were
studied by Kasner in1904, who gave the idea of n-ary
algebras. In 1965, F.M. Sison [5] studied ideal theory in
ternary semigroups. He also introduced the notions of
regular ternary semigroups and characterized them by using
the notion of quasi ideals. In 1981, the concept of I -
semigroups was introduced by M.K.Sen. We know that I"
- semigroups are generalization of semigroups. The concept
partially ordered I' -semigroup was introduced by
Y.1.LKnow and S.K.Lee in 1961, later it has been studied by
many authors. Several researchers conducted researches on
the generalizations of the notion of ideals on partially
ordered I" -semigroups, which play an important role in
studying of ideals on partially ordered I" -semigroups as
well as in the study of plain semigroups. In this paper, we
studied different structures of ideals in po I - ternary
semigroups and extended these structures in regular po I"-
ternary semigroups.

Definition 1.1: A ternary semigroup T is said to be a
partially ordered (Po) ternary semigroup if T is a partially
ordered set with the relation “ < ” such that

a<b—aaa, <baa, ., @aaa,<aba, and
aa,a<aa,b forall a,b,a,a, eT.

Definition 1.2: A I ternary semigroup T is said to be a

partially ordered (Po) I' - ternary semigroup if T is a
partially ordered set with the relation “ <> such that

a<b=aca pfa, <boa fa, :
aj0afia, <aobfa,

and a,0@,fa < a,0a, b forall

a,ba,a, €T and a,f .

Definition 1.3: A pol - ternary semigroup T is said to be
right (left, lateral) regular if for everya €T , there exist

X,yeT such that a<Xxayf(ayada) (respectively

a<(acapa)yxdy , a<xa(apaya)dy ) for all
a,pB,y,0el’.

Definition 1.4: A poI - ternary semigroup T is said to be
regular if for everya € T , there exist X,y € T such that

a<aoxpayda foralla,f,y,0el.

Definition 1.5: Let T be a poI” - ternary semigroup and A
be a non-empty subset of T . A'is called a semiprime if
aeT,acafac A(a,fecl’)=>acA.

Definition 1.6: A non-empty sub set A of T is said to be a
right (respt, left, lateral) ideal of T if

1. AI'TI'T < Avrespt., TITTTAcC A, TTAI'T < A).
2. (A]c A (aeAb<a(beT)=beA).

Definition 1.7: Let T be a poI” - ternary semigroup. Now
we define a left ideal of T generated by X is

L(xX)={teT/t<x ort<aacbpx for some
a,beT and a,f,eT}
=(XUTITIX] forall xeT .

Similarly,
MXX)={teT/t<x ort<aaxfa for some

a,beT and o, B,eT }=(XUTIXI'T] is
lateral ideal generated by Xin T .

and
R(x)={teT/t<x ort<xeafa for some

a,beT and o, f,eT }=(XUXITIT]is right ideal
generated by X in T .
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Theorem 1.1 Every lateral ideal of a regular poI” - ternary
semigroup T is regular.

Proof: Let M be a lateral ideal of a regular po I"- ternary
semigroup T . Then TTMI'T c Mand(M] < M.

Since T is regular, then a < aaxfayda forall aeT,
forsome X,y € T and forall &, S,7,0 €.

Since TTMI'T < M then Xcafly e M for all ae M
and X,yeT ,a,pel.

Now we consider, a <aaxfawoa implies that
a<aaxfapyda = aa(xpfay)daa(xpay)oa
<aaxfapo(aaxfayysa)

=aapdaapoa where p=Xxpay e M,

Hence a < aapdaapada . Therefore M is a regular.

Theorem 1.2: Let T be a polI - ternary semigroup. Then
the fowlloing are equivalent

a) T isregular.
b) For any right ideal R , lateral ideal M and Left
ideal Lof T, (RTMI'L]=RnM N L.

c) Forany a,b,ceT,
(R@)I'M()'L(c)]=R(@) "M (b) nL(c)
d Forany aeT,
(R@I'M(@)'L(a)]=R(@) "M (a)nL(a)

Proof: Let T be apoI - ternary semigroup.

To prove that (a) = (b) = (¢) = (d)
(@) = (b) :-We assume that T is regular then for any
aeT | and there exist X,y €T such that
a<aoxpayoa forall o, f,y,0 €l

Let R, M, and L are right ideal, lateral ideal and left
ideal in T respectively.

ie. RITITcCcR TIMIT<cM and TITILC L
respectively.

Toshow that (RTMI'L]=R~M N L.

ie, (RCTMI'L]c RN M N Land
RNAMnNnLc (RICMI'L].
Since RTMI'L c RI'TI'T ,

RIMILcTI'MIT and RI'MI'LcTITIL then
RIMI'L c RITI'T "TI'MI'T NTI'TI'L

Let a=Xayfze RTMI'L for XxeR, yeM and
zelL and a,pel . Then
Xayfiz e RTTIT "TTMI'T NTITIL =
a=Xayfze RNnM nNL

(RCTMIL]JcRAM AL (1)

and let aeRNM ML , Since a<aaxfayodo
implies that a < aoxpayyda
< aaxfapyo(acxfaya)

< (aaxpa)y(ydaax)f(ayda)

e (RCTIT)C(TCMIT)I(TTTIL)

< RCMI'L

implies that a € RTCMI'L.
RNAMnNLc (RICMIL] (2)

From (1) & (2), we get

(RCTMI'L]=R~M NL.

(b) = (c):— We assume that
(RCMI'L]=R~AM L . To prove that
(R(a)I'M (b)I'L(c)] = R(a) "M (b) N L(c) for any
right ideal generated by “a ” lateral ideal generated by “h~
and left ideal generated by “C ”.

For this proving, to show that
R(@) M (b)nL(c) < (R(@)I'M (b)'L(c)] and
(R@I'M (B)rL(c)l= R(@) "M (b) N L(c).

Letx € R(a) "M (b) nL(c) . Then

xeR(a),M(b) and L(c) and we have X<a or
x<aasft , X<b or x<sabpt and x<c or
X<satfc.

Consider X < aasft

= XaxXpX < aasftox X

< (aaspt)a(sabft) p(satfx)

e (@r'TIT)I(TrOI'T)I(TT'TIC)

c (@TT u{ap)(TbT U{b}H(TTTIcu{c})
=R(a)M (b)L(c)

= X < xaxpx € R(a)M (b)L(c) Hence
x € R(a)M (b)L(c).

Therefore

R(@) "M (b) nL(c) < (R(a)TM (b)I'L(c)]
R(@I'M(b)I'L(c) c R(@Q)I'TIT < R(a)
R(@)I'M (b)['L(c) = R(a) 3)
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Similarly R(@)I'M (b)I'L(c) = M (a) and
R(@)I'M (b)T'L(c) < L(a) 4)
From (3)&(4),

(R@)I'M (b)I'L(c)] = R(@) "M (b) nL(c)
Therefore

(R(@)I'M (b)T'L(c)] = R(@) » M (b) n L(c)
(c) = (d) : — Assume

R@IMOILE)]=RE@ M) NLE)

Suppose R, M and L are generated by “a” for any
a T . Then from (5) we have

(R(@)I'M(a)fL(a)]=R(@)nM (@) L(a).
(c) = (d) : —we assume
(R(@)I'M(a)'L(a)]=R(@) M (a)nL(a)

forany aeT.

Consider

R(@I'M(a)f'L(a) = (al'TI'T u{a}]I’

(Tralr'TuTTTIrarTrT u{a}l' (TrTraw{a}]

=@ TITIC(MralT OTTTTal TI T (TI T a]

=(ar(TrTrm)rar(Trirtraju
(@rTr(TITIT)al(TITIT)I'TTa]

c(alr'mrartraju (arTr((TrarT)rTraj

c (ar'Trartraju (al'trartral

= (al'Tral'Traj

Therefore R(a)I'M (a)I'L(a)
c (al'Trartraj

Let ae R(a)~M(a)nL(a)
=(R(a)I'M (a)T'L(a)].

Then a € R(a)I'M (a)I'L(a)

c (aI'Tral'Tra] = a<aaxpfayoal for Some
X,yeT and for all a,f,y,0 €’ . Therefore T is
regular.

Theorem 1.3: A po -I" - ternary semigroup T is regular if
and only if T is left, right, lateral regular.

Proof: Let T be regular po -I"- ternary semigroup. Then
for any ae€T and there exist X,y eT such that

a<aoxpapyda foral a,B,y,0 €I’

1. Consider & < aoxfayyda

= acafa < acafaocxpayyda
=aa(afaax)f(aya)

_ aap/q

\where p =afaax, q=aydaecT
= acafa < aapfq
= acafacafa < acapfacppq

= a< (acapa)appq .
Therefore T is left regular.

2. Consider a < aaxfaydoa

= acafa < acxfayyoacapa

= (aaxpa)y(yoaca)fa = uavpa
whereU = aaxpfa, v=ydaca T
= acafa <uavpa

= acafacafa <uovfacafa
= a<uavpacapa.

Therefore T is right regular.
Similarly we can prove T is lateral regular.

Conversely, we assume that a po - I - ternary semigroup T
is left, right, lateral regular. Then

a < (aacapa)yxoy a < xayp(ayaca) and
a < xa(apaya)dy respectively, forall aeT for some
X,y €T and forall

a,pB,y,0el’.

Consider a < (acafia) yxoy

= aaafa < acaf(apxdy)aafa = acapfpaapa
where p=ayxoy eT .

= acafa < acapfpaapa

= aacafada < ayacapfpcaafaca

= a<aacafaca < ay(acafpaapa)da = aygoa
= a<apda = a<ayada < ayoaayoa
a<ayjdaaygda

where = acafpoafacT .

Hence T is regular.

Theorem 1.4: Every ideal of a regular po
-I" - ternary semigroup T is semiprime.
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Proof: Let T be aregular po -1I" - ternary
semigroup and A be an ideal of T .
Consider acafja € A, foranyaeT,

a,fel’ = (acapa)yada € Asince Tis

regular.
= a<acafayacac A=acA.

Therefore A is semiprime.

Theorem 1.5:A po -1 - ternary semigroup T is regular if
and only if it is satisfying the inequality

a<acapayppfayadca forall acT, for some peT
and a, fB,y,0 €Tl

Proof: Suppose T is a regular po -I" - ternary semigroup.
Then T is left, lateraland right regular. That is for any
aeT,a<acapaysdtand a < uavpfayadafor some

s,st,tuveTande, B,7,0 €.

Since T is regular then consider for any
aeT, a<aaxfayyoaimplies

a<aaxpfayydoa

< (acafajsdt)axpfaysa

< (acapfaysdt)axpayyo(Uuavpfayadca)

= acafay(sdtaxfaydiav) fajada = acafayppayraca
where p = sdtaxfapyduav €T .

Hence a < acafajyppPayadaforevery a T , for some
peTade,f,y,0el.

Conversily, Consider
a<acapfaypfayaca,

forevery aeT , forsome peT and
a,p,y,0oel.

Now a < acafajypfayada
=aa(apfayppPaya)da = aczdm

Wwherez =afa)ppayacT . Then
aaozda—=a<aozda
<aazdé(acafayppfayada)

= aozdaa(afapPaya)éa =aazZdaaZaa.
ie, agaozoaozoa forall aeT , for

some Z€T and «,y,e " . Therefore T

is regular.
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