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Abstract 

The ternary cubic equation  
322 3519)(5 zyxxyyx   is considered  for determining its non-zero  distinct integral 

solutions Employing the linear transformations x=u+v,y=u-v (u≠v≠0),and employing the meyhod of factorization in complex 

conjugates, different  patterns of integral solutions to the ternary cubic equation under consideration are obtained..  In each 

pattern, interesting relations among the solutions, some special polygonal , pyramidal numbers and central pyramidal numbers 

are exhibited. 
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1. INTRODUCTION 

Diophantine equations are numerously rich because of its 

variety. The determination of integral solutions for cubic( 

homogeneous or non-homogeneous) diophantine equations 

with three variables has been an interest to mathematicians 

since antiquity as can be seen from [1-3].In this context one 

may refer [4-24]. In this Communication, the non-

homogeneous ternary cubic diophantine equation 

represented by 
322 3519)(5 zyxxyyx   is 

considered for its non-zero distinct integral solutions. A few 

interesting relations between special polygonal numbers and 

pyramidal numbers are exhibited. 

 

2. METHOD OF ANALYSIS: 

The ternary cubic diophantine equation under consideration 

is 

 
322 3519)(5 zyxxyyx    (1) 

 

Introduction of the transformations 

 

vux  , vuy      (2) 

 

in (1) leads to 

 
322 3519)1( zvu     (3) 

 

Equation (3) is solved through different methods and thus, 

we obtain different patterns of solutions to (1) 

 

 

 

2.1 Method 1 

Take 
22 19baz      (4) 

 

Write   )194)(194(35 ii    (5) 

 

Using (4) and (5) in (3) and employing the method of 

factorization, define 

 
3)19)(194(19)1( biaiviu   (6) 

 

Equating real and imaginary parts of (6) on both sides we 

get 

 

3223

3223

765712

3612285741

babbaav

babbaau




 

 

Substituting the values of u,v in (2) the non-zero distinct 

integral solutions to (1) are given by 
 

22

3223

3223

19

1437171693

1285285455

baz

babbaay

babbaax







 

 
Properties: 

1) )324(mod4030)1,( ,92

3

1   aa tPax  

2) )92(mod603)1,()1,( ,50

3  aa tCPaxay  

3) 76]8219)1,(8)1,()1,([4 ,4  aa tSazayax

 is a cubical integer 
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4) )124(mod11382)1,()1,(23 ,3

9  aa tCPayaz

 

5) ]1140280360),1([10 33

1   aaa PRCPPaay

 is a perfect square 

6) bbb tPRPBx ,4

5 52545570),1(   is a perfect 

square 

7) 0)(19]1),1([2  bb GnoCSbz  

8) )19(mod02)1,( ,6,5  aa ttaz  

 

Note: 

Re-writing (5) as 

 

)194)(194(35 ii 
 

 

and proceeding as in method1, the non-zero distinct integral 

solutions to (1) are given by 

 

22

3223

3223

19

1285285455

1437171693

baz

babbaay

babbaax







 

 

2.2 Method 2: 

Equation (3) can be written as 

 

1.3519)1( 322 zvu   

 

 

 

Write ‘1’ as 

 

210

)199)(199(
1

ii 
  

 

Define 

10

)199()19)(194(
)191(

3 ibiai
viu




     (7) 

 
Equating real and imaginary parts, we have 

 

]469396974117[
10

1
1 3223 babbaau 

     (8) 
 

]3237415113[
10

1 3223 babbaav   (9) 

 

Since our aim is to find integer solutions, assuming a=10A 
and b=10B in (4),(8) and (9) and substituting the values of 

u,v in (2), we obtain the distinct non-zero integral solutions 

to (1) as 

]19[10

1]50162287924[10

1]4370171069030[10

222

2232

2232

BAz

ABBAAy

ABBAAx







 

 

 

Properties: 

1) )667(mod45797236)9)1,()1,(10[
10

1 3

13
  AA PRPAxAy  

 

2) )133.10)1)1,((30)1)1,((4(
10

14 5

5
 AyAx  is a nasty number 

 

3) )466(mod545317223]11)1,(10)1,([
10

1
,3

14

3
 AA tCPAyAx  

 

4) )1095(mod0]5015994[
10

1
,15862
 AtyAz  

 

 

2.3 Method 3: 

Instead of (5),35can be written as 

 

22

)1911)(1911(
35

ii 
  

 

Proceeding as in method 1 and performing some algebra, we 

obtain the distinct non-zero integral solutions to (1) as 

 

]19[2

1]5705709010[2

1]1526842412[2

222

32232

32232

BAz

BABBAAy

BABBAAx
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Properties: 

1) )2807(mod60724)1,( ,194  AA tSOAx  

 

2) ]5089066[4)1,()1,(  AA GnoPRAyAx i

s a cubical integer. 

 

3) 3131122)1,( ,12,18  AAA GnottAz is a 

perfect square 

 

4) )1490(mod39101140),1( ,458  BB tSOBy  

 

Note: 

Rewriting (7) as 

 

)
10

199
()19)(194()19)1(( 3 i

biaiviu




 

and proceeding as in method 2, the non-zero distinct integral 

solutions to (1) are given by 

 

]19[2

1]1526842412[2

1]5705709010[2

222

32232

32232

BAz

BABBAAy

BABBAAx







 

 

2.4 Method 4: 

Equation (7) can be written as 

 

)
10

199
()19(

2

)1911(
)19)1(( 3 i

bia
i

viu







 

Equating real and imaginary parts on both sides and 
assuming a=2A, b=2B, we get 

 

]152114242[2

]7224561148[21

32232

32232

BABBAAv

BABBAAu





 
 

Also (4) implies      

 

)19(4 22 BAz  (10) 

 

Substituting the values of u,v in (2) we obtain the non-zero 

integral solutions to (1) as 

 

1]437171693[8

1]57579[40

3223

3223





BABBAAy

BABBAAx

 along with (10). 

 

 

 

 

 

3. CONCLUSION 

In this paper, we have made an attempt to obtain a complete 

set of non-trivial distinct integral solutions for the non-

homogeneous ternary cubic equation.  To conclude, one 

may search for other choices of solutions to the considered 

cubic equation and further cubic equations with 

multivariables. 
 

NOTATIONS: 

 







 


2

)2)(1
1,

mn
nt nm  

 

 
  mnm

nn
Pm

n 






 
 5()2

6

)1
 

 

1)1(6  nnSn

  

)12( 2  nnSOn

  
22 )1(  nnCSn

  

12  nGnOn

  

)1(  nnPRn  
 

2

)1( 2
3 


nn
CPa

 
 

2

)13( 2
9 


nn
CPa

 
 

3

)47( 2
14 


nn
CPa  
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