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Abstract
In this paper considered parabolic system of two quasilinear reaction-diffusion equations of Kolmogorov-Fisher type of
biological population task relation for the two-dimensional case and localization of the wave solutions of the reaction - diffusion
systems with double nonlinearity. Cross-diffusion means that spatial move of one object, described by one of the variables is due
to the diffusion of another object, described by another variable.Considered spatial analogue of the Volterra-Lotka competition
system with nonlinear power dependence of the diffusion coefficient from the population density.
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1. INTRODUCTION

Let’s consider following system of two equations in partial
derivatives in two-dimensional case:

ou, o%u o%u 0
— = f(u,u,)+ D11—1+ D12—1+h11
ot 0 12 2

ou

2
1 2

2

At h, =h, =h,, =h,, =0 the mathematical model (1)
is a system type reaction-diffusion with diffusion coefficient
D,=>0,D,>0D, >20,D,, >0 (at least one
Dij # 0). In the case when at least one of the coefficients

(mark can be any), the system (1) is a cross-diffusion. To the
linear cross-diffusion corresponds Q;;(U,Vv) = const for

i,j=12 i=12; to the linear cross-diffusion-
Q;; (u,Vv) = const at least one of i and j.

Cross-diffusion means that spatial move one object,
described one of the variables is due to the diffusion of
another object, described by another variable.At the
population level simplest example is a parasite (the first
object, located within the "host" (the second object) moves
through the diffusion of the owner). The term “self-
diffusion" (diffuse, direct diffusion, ordinary diffusion)
moves individuals at the expense of the diffusion flow from
areas of high concentration, particularly in the area of low
concentration. The term  "cross-diffusion”  means
moving/thread one species/ substances due to the presence

X’ OX,
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at2 :g(ul,u2)+D21?2+ D228—2+ h21a—Xl(Q2(ul,u2)a—XlJ+h22£ Qz(ul,uz)_1 )

ou ),y 0 au,
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0X,
@
ou
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1

of the gradient other individuals/ substances. B The value of
a cross-diffusion coefficient can be positive, negative or
equal to zero. The positive coefficient of cross-diffuse
indicates that the movement of individuals takes place in the
direction of low concentrations of other species occurs in the
direction of the high concentration of other types of
individuals/ substances. In the nature system with cross-
diffusion quite common and play a significant role
especially in biophysical and biomedical systems.

Equation (1) is a generalization of the simple diffusion
model for the logistic model of population growth [1-16] of

Malthus type (f,(u,u,)=u, f,(u,u,)=u,,
f,(u,u,)=u, f,(u,u,)=u,), Ferhulst type (
fl(ul’uz) = ul(l_UZ) , fl(ul’ uz) = uz(l_ul) '

f,(u,u,)=u,l-u,), f,(u,u,)=u,(1-u,)), and Allee
type (fi(u,u,) =u, (1-u,™),
fl(u1’u2)=u2(1_u1ﬁ2)’ fz(ul’uz):ul(l_uzﬂl) :
f,(u,uU,) =u,(1-u”), B >1, B,>1) for the case
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of double nonlinear diffusion. In case, when
B.=21 B, =1, it can be regarded as the equation of

nonlinear filtration, thermal conductivity at simultaneous
influence of the source and the absorption capacity of which

is equalrespectively to ul,—ufl , uz,—ulﬂ2 :

Let’s consider the spatial analogue of Volterra-Lotka
competition system with nonlinear power dependence of the
diffusion coefficient from population density. In the case of
the simplest Volterra’s competitive interactions between
populations can be constructed numerically, and in some
cases analytically heterogeneous in space solutions[19].

p-2
ou, 0 m-1|OU;|  OU; 0 m,-1|OU;
T Ay | C1Y2 AT — | o | P2 |5
ot ox oX | 0% | OX, 0X,
p-2
ou, 0 m,-1|OU, ou, 0 D.ymt ou,
Tar Av | P2t (A — |Ta| P
ot 0Ox 0%, 0%, | OX, 0oX,

2. LOCALIZATION OF WAVE SOLUTIONS OF
REACTION DIFFUSION SYSTEMS WITH
DOUBLE NONLINEARITY

Let’s consider in the domain Q={(t,x): 0< t < oo,xeR?}
parabolic system of two quasilinear equations of reaction-
diffusion of Kolmogorov-Fisher typebiological population
task

A 0% i Ou-u?)
x, | Vlox, ex, ot RS
©)
p-2
ou, ou ou
—2 L) =2 +1,(t) =2 +k,(t)u,{L—ul? )
o [PhOZEHLOZE T Ou-uf)

u1|t:0: Uo(X), U2|t=0: Uyo(X) |

which describes the process of biological populations in

nonlinear two-component environment, it’s diffusion
u,|”” ou,|””
coefficient is equal Dj,uJ" |2 , DU ==
OX
1 2
p-2 p-2
ou ou
m,-1 2 m, -1 2 .
Dyu > [ —= ., Dyu,* |—= andconvective
1 2

transfer with speed I, (t), where m,m,,p, 5,5, -
u, =u,(t,x;,x,) >0,
U, =U,(t, X, X,) >0 -search solutions.

positive real numbers,

The Cauchy problem and boundary problems for the system
(1) in one-dimensional and multidimensional cases
investigated by many authors [15-21]

The aim of this work is the investigation of qualitative
properties of solutions of the task (2) on the basis of self-
similar analysis and numerical solutions by using the
methods of modern computer technologies, research of
methods of linearization to the convergence of iterative
process with subsequent visualization. Obtained the
estimates of solutions and emerging in this case free
boundary, that gives the chance to choose the appropriate
initial approximation [15] for each value of the numeric
parameters.

It is known that the nonlinear wave equations have solutions
in the form of diffusion waves. Under the wave is
understood self-similar solution of the equation (2)

u(t,x)=f(<&), E=ctxx

u(t,x) = u(t’ X1y Xz)’ X= (X1)2 +(X2 )2 ,
Where constant c- is a wave speed

Let's build self-similar system of equations (2) - more
simple for research system of equations.

Self-similar system of equations will construct by the
method of nonlinear splitting [15].

Replacement in (2)

iz
u,(t,x,,x,)=¢ ° v, (z(t),77,,77,)

=X _Jt. ,(£)dg,

0

T
u, (t, %, x;)=e ° vV, (z(1),17,,77,),

M =X, _j 1,(£)dd,

0
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Lead (2) to the form:

p-2 p-2
% = a Dllvgll_l avl | avl + 8 Dlzvgll_l avl avl _ k]_ (t)e[(z_p)k1+(ﬂ1_m1+1)k2 ]tvlvfl ,
or  on, om,|  on, | om, on,| o, ;
ov v, v, ) 8 ov, " ov o
—2 _ DZlVlmz—l 2 2 |y Dzzvlmrl 2 2 | _ K, (t)e[(ﬁz*mzﬂ)kl*(z*p)kz]tvlﬂz v,,
or 1 |8 1| oy | 0, on,| o,

V1|t:0: Vi (171, 17,) 'V2|t:0: Voo (111:77,) -

e[(m1 —Dka+(p-2)k, It

(M, Dk, +(p—2)k, (M, 1k, +(p—2)k,
,we get the following system of equations:

e[(mz Dk +(p-2)k, It

it k(p—(m+D)=k,(p—-(m,+1)). then by 0 =
choosing )=
v, 8 AREARE: ov
—=— DllV;nrl - =~ |+ Dlzvg]rl :
or o, ‘8771‘ on, ) on, on,
p-2
% = i D21V{n271| avz | avz _|_ a D22V]Tn271 8V2
or  an, on| om, | om, on,

b = (2_ p)kl +(ﬁ1_m1+1)k2

_ _ . Dy
where ai—ki((p 2)k, +(m, 1)k2) e (p—2)k, +(m, —1)k,

_ (ﬂz _mz +1)k1 "‘(2_ p)kz
- (mz _1)k1+(p_2)k2 .

a = kz((mz _1)k1 +(p_2)k2 )b2 ' bz

If b, =0, and & (t) =const,i =12, then the system has the form:

p—

2

aV1 G (t)Tblv1V2ﬂl'
on,
e @
. _az(t)szvlﬂzvz’
on,

p-2
ov. 0 4lov ov 0 4|0V ov.
—=— D11V£nl ' 1| =+ D12V;nl = - _alvlvzﬁl’
or on, ‘6771‘ on, on, on, on,
v, 0 ov,|" v, | o ov, | v
—+= Dzlvlmz_1 - =1+ Dzzvlmz_1 : : _azvlﬁzvz
ot on, om,|  om, | o, on,| o,
The Cauchy problem for system (4) in the case when dv, i
b, =b, =0 studied in [16,19] and prove the existence of dr AV
wave global solutions and blow-up solutions. dv, o
g =—a,V," Vv,
T

Below we will describe one way of obtaining self-similar
system for the system of equations (4). It consists in the
following. Firstly we find first the solution of a system of
ordinary differential equations

In the form

Where

v (7) = Cl(T‘*’To)_y1 V,(7)=¢, (T+T0)_y2 , T, >0
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. . Vit 717,) =V (OW, (7.77,,0,), o
“ =Ln :ﬁ_z, C2 =17 :E' V, (t77,,71,) = Va2 (OW, (z,77,,7,),
And then the solution of system (3)-(4) is sought in the form and T="T(f) chosen as
1 .
(T + ) 002208 it 1 [y, (p—2) 4 7,(m, 1] 0,

. 1-[r(p—2) +y,(m -1)] ' B
7,(0) = [F D O7™ ()t = {In(T + ) it 1-[7,(p—2) + 7,(m, ~1)] =0

0 T +7), if p=2u m =1,
if ,(P—2)+7,(M =) =y,(p—2)+y,(m,-1). Then for W, (z,X), 1=1,2 we get the following

system of equations

p-2 p-2
OW. 0 m 1| OW. OW. 0 m 1| OW
—=— Dlle1 1| 1| = |+ D12W21 ' : : ""//1(W1Wf1 _Wl)
or  on ‘5771‘ ony | 0O, on,|  on,
ow, o ow,|” ow, | o ow,|”” ow ©
= Dzlwlmrl . = |+ Dzzwlmrl : =y, (szlﬁ2 —W,)
or  on on, | om, | om, on,|  Omy
Where
1 if 1-[7n(p-2)+y,(m-1)>0
vy = (P2 +7,(m D¢ : AR
ylci(l-[n<p-z)+yz<nn-1>l)’ lf 1—[7/1(]?—2)+7/2 (ml—l) :0’
: it 1-[7,(p—2)+7,(m, ~D] >0
v, = (1_[72(p_2)+71(m2 _1)])71 ? e ’
yocq PR, if 1-[y,(p—2)+,(m,-1)]=0

Representation of system (2) in the form (5) suggests that, when 7 — o0, y/;, — 0 and

p-2 p-2
e ool an) e oo fouf”
or  on, ‘8771‘ ony, | Omny on,|  Omy
p-2 p-2 ®)
% = i D sz—l 8W2 | aWZ + 0 D sz—l aWZ %
= 21 20y
ot on, on, | om, | om, on,| om,

Therefore, the solution of system (1) with condition (5) tends to the solution of the system (8).
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If 1-[7,(p—2)+ y,(m, —1) = 0, wave solution of system (6) has the form

W, (z(t),7,,77,) = i (&), E=ctxn, n=+(n) +(,) i=12,

where c- wave velocity, and taking into account that the equation for w;, (z,7,,7,) without the younger members always has a

self-similar solution if 1—[y,(p —2) + 7,(m, —1) # O we get the system

d m, -1 dy1|p_2 dyl dyl p
—(y," +C——=+ - 1) =0,
dz Y, df‘ df) de wi (Yo=Y, Y5')

-2
d omaldy,|" dy,,  dy,
—(y;? +C + - 2)=0.
\dg yl dé:‘ dg) dé: WZ(yZ y2 yl)

After integration (8) we get the system of nonlinear

differential equations of the first order

The system (9) has an approximate solution in the form
V.=A@@-48)". y,=B(a-4)*,
Where

_ (p=D(p—(m +1))
(p-2)* - (m ~1)(m, 1)

__ (-Dlp-(m, +1)
’ (p—2)2—(m1—1)(m2—1)

and the coefficients A and B are determined from the
solution of a system of nonlinear algebraic equations

()P tAPB™ T =c,

1

(7,)" A" B" =c.

Then by taking into account expressions

—jkl(:)d:

u(t, %, x,) =e ° vy (z(t),77:,7,)

—jkz(g)d:

U, (t, X, X;) =e ° V, (z(t),17:,7,)

ml_l%p—Z%_i_Cy 0 We have
T e
JJdy, | dy, © utx,x,)=Ae s (cr(t)- &),
=2 —%+cy,=0. 1
dg dg ~[ke(€)ds

u,(t,x,,Xx,)=Be ° (cr(t)-<&)2, c>0.

Due to the fact that

[br(t)- [1,(7)dn - x1=0,

X, z[br(t)—jli(n)dn—xiko, Vt>0,

Then
u (t,x)=0,u,(t,x)=0,

X z[br(t)—j.li(n)dn—xi]<0, VE>0, i=12.

Therefore, localization condition of solutions of the system
(2) are conditions

jli(y)dy< 0, z(t) < oo for Vt >0, i =1,2. (10)
0
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Condition (10) is the prerequisite for the emergence of a
new effect - localizationof wave solutions of (2). If
condition (10) unfulfilled, then there is the phenomenon of
the finite velocity of propagation of a perturbation, i.e.

<
t (mep-3) [k (y)dy

U (t,X) =0 at [x=Db(t), 7(t) = [e- v de

, and the front of arbitrarily far away, with increasing time,
since 7(t) > att —o0.

The study of qualitative properties of the system (2) allowed
to perform numerical experiment based on the values
included in the system of numeric parameters. For this
purpose, as the initial approximation was used asymptotic
solutions. To numerical solving the task for the linearization
of system (2) has been used linearization methods of
Newton and Picard. To build self-similar system of
equationsof biological populations used the method of
nonlinear splitting [16, 19].

3. NUMERICAL EXPERIMENT

Let’s construct a uniform grid to the numericalsolvingof the
task (2)

w, ={x, =ih, h>0, i=04..,n, hn=1},

and the temporary grit
wh1 = {tJ = Jhl’

Replace task (2) by implicit difference scheme and receive
differential task with the error O(h2 + f‘g)

h,>0, j=0L..,n, m=T}|

As is known, the main problem for the numerical solving of
nonlinear tasks, is suitable choosing initial approximation
and the linearization method of the system (2). Let’s
consider the function:

Vio (L, X;, X5) =V1(t)-(a—§)il,

Voo (1, X1, X,) :Vz(t)'(a_é:)iz,

Where v, (t) =e“v,(t) and v,(t) =e“V,(t) defined
above functions,

Notation (&), means (@), = max(0,a). These functions

have the property of finite speed of propagation of
perturbations[16,19]. Therefore, in the numerical solving of

the task (1) - (2) at B, > o, as an initial approximation
proposed the function v, (t, X, X,) ,i=1,2.

Created on input language MathCad program allows you to
visually traced the evolution of the process for different
values of the parameters and data.

Numerical calculations show that in the case of arbitrary
values o >0, f > 0 qualitative properties of solutions do

not change. Below listed results of numerical experiments
for different values of parameters (Fig.1)

Parameter values

Results of numerical experiment

m =03,m,=07 p=21

Bi=5 k=2
132 =1, kz =3
eps=10"
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m=22,m,=22, p=25

Bi=1 k=7
B =1 k=2
eps=107°

=00

e 0 4

m =02,m,=02 p=238

B, =05, k =2
B, =07, k, =3
eps=10"

4. CONCLUSIONS

It can be expected that further theoretical and experimental
studies of excitable systems with cross-diffusion will make a
significant contribution to the study of phenomena of self-
organization in all of nonlinear systems from the micro and
astrophysical systems to public social systems.
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