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Abstract

The work is to use the energy approach in the form of indirect variational principle (Galerkin’s method) for buckling analysis elastic
of thin rectangular plates with all edges clamped. The Galerkin method has been used to solve problems in structural engineering
such as structural mechanics, dynamics, fluid flow, heat and mass transfer, acoustics, neutron transport and others. The Galerkin
method can be used to approximate the solution to ordinary differential equations, partial differential equations and integral
equations with a polynomial involving a set of parameters called characteristic orthogonal polynomials. The buckling loads from this
study were compared with those of previous researches. The results showed that the average percentage differences recorded for
CCCC plates are 0.735 to 4.702. These differences showed that the shape functions formulated by COP has rapid convergence and is
very good approximation of the exact displacement functions of the deformed thin rectangular plate under in-plane loading when
applied to Galerkin’s buckling load for isotropic plates. An indirect variation principle (based on Galerkin’s method) could be used in
confidence to satisfactorily analyze real time rectangular thin plates of various boundary conditions under in- plane loadings. The
results obtained herein are very close to the results obtained by previous research works that used different methods of analysis.
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solution is dependent on the amount of work to be done. For
instance, if one is using finite element method, the more the
number of elements used in the analysis the closer the
approximate solution to the exact solution. Hence, when a
plate has to be divided into several elemental plates for an
accurate solution to be reached, then the extensive analysis is
involved, requiring enormous time to be invested.

1. INTRODUCTION

Structural stability is an important issue in the design of many
types of civil, mechanical and aeronautical structures. This is
especially true for structures having one or two dimensions
that are small in relations to the rest, such as beam-columns,
plates and shells. These structures are susceptible to lateral
instability commonly idealized as an elastic buckling.

Energy approach, on the other hand, sums all the work (strain

Buckling of the plates could be studied, in general perspective, energy and potential energy or external work) on the

using the equilibrium, energy and numeric approaches (Reddy,
2002). Equilibrium approach is also regarded as Euler
approach. It sums all the forces acting on a continuum to zero.
The approach tends to find solution of the governing
differential equation by direct integration and satisfying the
boundary conditions of the four edges of the plate.

Numerical approach is a good alternative to the Euler
approach. Some examples of this approach include truncated
double Fourier series, finite difference, finite strip, Runge-
Kutta and finite element methods among others. The problem
with these numerical solutions is that the accuracy of the

continuum to be equal to total potential energy (lyengar,
1988). This approach is quite different from Euler and
numerical approaches. The solution from it agrees
approximately with the exact solution. Typical examples of
energy approaches are Ritz, Raleigh-Ritz; Galerkin, minimum
potential energy etc. These methods are called variational
methods. They seek to minimize the total potential energy
functional in order to get the stability matrix.

In all these methods, the accuracy of the solution is dependent
on the accuracy of the approximate deflection function (shape
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function). The more the approximate shape function gets
closer to the exact solution.

Many scholars have used different approaches to obtain shape
functions for solving plates’ buckling problem.

lyengar (1988) used the variation of total potential energy
method, and assumed a double trigonometric shape function of
the form:

2x 2y
W=A<1—Cos—)<1—6'os—) 1.0
a b

He obtained the buckled plate critical load in first mode to be

4 ,\ D?
NX=(E+2.667+4P )? 2.0
Ibearugbulem & Ezeh (2013) used shape function derived
from Taylor-Macluarin series and applied it to direct energy
variational method according Rayleigh — Ritz. They obtained

for thin rectangular plate with all edges clamped as:

W(x,y) = K(R? —2R®* + R)(Q*> —2Q% +Q*) 3.0
They obtained the first mode critical buckling load as:

4.255 ,\ Dr?
Nx = (T-I- 2428 +4.255P )b—z 40
(Fok, 1980) used finite difference method in equilibrium

(Euler) approach and obtained the coefficient of K as 10.12.
2

T
Where, K is coefficient of B
(Levy & Greenman, 1942) used an infinite series for the shape
function in equilibrium (Euler) approach and obtained the
coefficient of K value as 10.07.

2. CHARACTERISTIC
POLYNOMIALS

A class of characteristic orthogonal polynomial (COPSs) can be
constructed using Gram-Schmidt process and then these
polynomials are employed as deflection functions in stability
problems (Chakraverty, 2009). Different series types, viz.,
trigonometric, hyperbolic, polynomial, give different results
for the same number of terms in the series and the efficiency
of the solution will depend to some extent on the type of series
chosen (Brown & Stone, 1997). (Bhat, 1985a) used the Gram-—
Schmidt orthogonalization procedure to generate the COPs for
one dimension and showed that the orthogonal polynomials
offered improved convergence and better results.

ORTHOGONAL

To use COPs in the Galerkin method for the study of non —
linear elastic problems, first the orthogonal polynomials are
generated over the domain of the structural member, satisfying
the appropriate boundary conditions. After the first member
function is constructed as the simplest polynomial that
satisfies the boundary conditions, the higher members are
constructed using the well-known Gram-Schmidt procedure
(Wendroff, 1961); (Szego, 1967); (Freud, 1971); (Chihara,
1978).

2.1 Characteristic Orthogonal Polynomials in One
Dimension

Here, the first member of the orthogonal polynomial set ¢ (k),
which is function of a single variable say X, is chosen as the
simplest polynomial of the least order that satisfies both the
geometrical and the natural boundary conditions. In general,
the first member is written in the form:

(k) = c, + c1k + cyk? + c3k3 + - + ¢y k771
+e k” 5.0

The compact form of Equation 5.0 is given as:

0

o(k) = z ¢, kt 6.0

t=0

Where, the constants ¢, can be found by applying the
boundary condition of the problem. It is to be mentioned here
that this function should satisfy at least the geometrical
boundary condition. But, if the function also satisfies the
natural boundary condition, then the resulting solution will be
far better (Bhat, 1985a).

2.2 Characteristic Orthogonal Polynomials in Two

Dimensions

The displacement function for rectangular plate, which a two
dimensional structure in x and y axes is assumed as a product
of two independent functions; one of which is a pure function
of x and the other is of y so that:

W(xy) = F) - 6() = ) ) Xp™YVy" 7.0

m=0 n=0

Expressing Equation in the form of non-dimensional
parameters, say R and Q for x and y directions respectively:

x =aR;y =bQ 8.0
Then,
w(R, Q) = Z A, B.R™Q 9.0
m=0n=0
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A, = Xna™ B, =Y,b" 10.0

Since the buckling equation of plate, is a fourth order
differential and the density of the plate is constant, then, the
value of m and n in Equation 9.0 must be equal to 4. If the
variation of loading is linear or a second degree parabola, the
value of the power m and n will then be 5 or 6 respectively
and so on (Onyeyili, 2012).

Expanding Equation 9.0:

w(R,Q) = (A +AR+A,R? +A;R? + A,R) (B, + B;Q
+ B,Q? + B3Q3 + B,Q%) 11.0

The coefficients A, and B,, of the series are determined from
the boundary conditions at the edges of the plate.

Boundary conditions

o Deflections at all edges are zero and Slope at all edges
are zero
Wr(R=0)=0,4,=0,
We(@=0)=0,By=0 12.0

WIR(R=0)=04, =0,
Wi,(@=1)=0B =0 13.0

Wr(R=1) =0,4; = —(45 + Ay),
Wo(Q =1)=0,B, = —(B3 + B,) 14.0

Wz (R =0)=0,4; = —24,,
wi,(@=1)=0,B;=-2B, 15.0

Then, solving Equation 14.0 and 15.0 by substitution method
separately relative to their directions

W(R,Q) = A(R?> —2R® + RY)(Q?> —20Q% + Q%) 16.0

Where A = 448,

3. APPLICATION OF GALERKIN METHOD

Governing partial differential equation for plate was given by
(Kirchoff, 1885) and (Saint-Venant, 1883) as:

2w LN 2w N 2w
dx? W oxoy 7 dy?
b (64w o*w o*w

P+N,

—|=0 17.0
ox* + 0x? dy? + 6y4)

For plate that is only under in-plane loads, P will be dropped
from Eq. (2.4) and the general equation becomes

N aZW+2N 0'w +N 0w
* 9x? Y oxoy 7 dy?
D 64W+2 otw +64W =0 18.0
ox* ox2dy? = oy*) '

For a plate, loaded only in one direction, b along x-direction:

Ny, =N, =0 and N, # 0
D 64w+2 otw + otw N azW—O 19.0
ox* ox2dy? = dy* *ox? '

Equation 19.0 is the Governing differential Equation of
buckled plate loaded along the edge perpendicular to x —
direction.

Although, the mathematical theory behind the Galerkin
method is quite complicated, its physical interpretation is
relatively simple. The mathematical expression of the method
is obtained as follows:

Let a differential equation of a given 2D boundary value
problem be of the form:-

LIw(x,y)] = N(x,y) in some 2D domain Q@ 20.0

Where,
w = w(X, y) is an unknown function of two variables

N = a given load term defined also in the domain {2

L = a symbol indicating either a linear or non — linear
differential operator.

For instance, for plate bending problems,
Liw(x,y)] = D V2 V2(W(x,y))

_ [otwxy) _0tW(xy)  0*W(xy)
=D|—5 3 +2 o T oyt 21.0

The function w, must satisfy the prescribed boundary
conditions on the boundary I" of that domain.

Typically, one then applies some constraints on the functions
space to characterize the space with a finite set of basic
functions. An approximate solution of Equation 20.0 is sought
in the following form.

N

wixy) = D afi(ky) 220

i=1
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Where 0w 0w
«; are unknown coefficients to be determined. ﬁ a x4 +2 dx2d y2 + ay*
f;(x,y)are the linearly independent functions (they are also —-N, 2] f;(x,y)dxdy = 0 26.0
called trial or shape functions) that satisfy all the prescribed 0x

boundary conditions but not necessarily satisfy Equation 20.0

From Calculus, any two functions f;(x),f,(x) are called ﬂ a4W+2 9w + a'w
mutually orthogonal in the interval (a, b) if they satisfy the A o x* 0x20y% ay*
condition: d /0w
) xax(a )]f(xy)dxdy 0 27.0
f f,x)f,(x)dx=0 23.0
a N,
9w 0w 0w
Thus, if a function w(x,y) is an exact solution of the given [, (a < T 23x% yZ + ay4>fi(x' y)dxdy
boundary value problem, then, the function [L(w) — N] will = 28.0
be orthogonal to any set of functions. Since the deflection ffAﬁ(ﬁ) fi(x, y)dxdy
function, wy(x,y) in the form of Equation 22.0 is an
approximate solution only if Equation 20.0, [L(w) — N] # 0, In non — dimensional form,
and it is no longer orthogonal to any set of functions.
However, requiring that the magnitude of the function Where:
[L(w) — N] be minimum. This requirement is equivalent to
the condition that the above fynction_ should be orthogonal to x=aR, y=bQ andP = a
some bounded set of functions: first of all, to the trial
functions f;(x). It leads to the following Galerkin equation: N,
2 W p0W\ G R Q)drd
ff [L(wy) —N] f;(x,y)dxdy = 0 24.0 ffA b2 P3aR4 + PORZ0Q? + 9Q* R, Q) Q 29.0
A .
ow
- _ 11, poz (O%) W(R, Q)RdQ
Substituting for Equation 21.0
Where, f;(R,Q) =
ﬂ‘ [ [6 W(x, y) 64W(x, y) 0*W(xy) (R.Q)
o x* axza y? ay* Figure 1.0 shows a thin rectangular plate subjected to in —
plane loading N, in x — direction. The plate is all edges
—N|fi(x,y)dxdy =0 25.0 clamped.
l<— 3 —>
- 0 R
— —
b > . <
N« g C C é N.
— s
-~
— C —
.~
v > C =

Fig 1: All Edges Clamped plate (CCCC)
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From Equation 16.0, the shape function for CCCC is given as:

W = A(R* = 2R® + R)(Q* — 2Q° + Q%)

W = (R? — 2R® + R")(Q* — 2Q% + Q%) 30.0
Then,
f f 7 drdo < 2001274D
bz ), ), P3AR* Q=73
D flflpa‘*w W dRdQ = 0.00127D | 320
b2 )y J, = 09Q* b2 '
f f 20* 7 drdo < 20007256D4
b2}, J, PdR%2dQ? ¢= b2P '

ffl 1ow aw _0.00003A 340
00 OR R dRAC =" '

0.00127AD |, 0.0007256DA , 0.00127AD

No—_ bPPS* bZP t—pz P
x = 0.00003A

P
Ny

_ ((0.00127 + 0.0007256P% + 0.00127P*)D 35 0
- 0.00003 P2h2 '

Ir;troducing 7% into Equation 3.197 by multiplying both sides
T

Z /4.2858

+ 4. 2858P2> 36.0

4. RESULTS AND DISCUSSIONS

The comparison of the data from this present study,
lyengar (1988) and Ibearugbulem (2012) solution was
presented in Table 4.2. In this solution, lyengar assumed
trigonometric series in formulating the shape function. He
got the solution of plate at first buckling mode as:

4 5 Drm?
N, = (P + 4P + 2. 667) B2 37.0
Ibearugbulem & Ezeh (2013) applied Taylor’s — MacLaurin’s
series in formulating the shape function. This they applied to
Ritz direct variational method to obtain the solution of plate
at first buckling mode as:

4.255 ) Dm?
N, = < P2 + 4.255P + 2428) % 38.0
“D” means the modulus of rigidity of the plate and “b” means
the edge of the plate that received the load.

2
Where, K is coefficient of

b2

Table 1: K Values for different aspect ratios for CCCC Thin plate Buckling

AspecT | K VALUES [K VALUES | K VALUES | PERCENTAGE PERCENTAGE DIFFERENCE
SATIO | FROM FROM FROM DIFFERENCE BETWEEN | BETWEEN PRESENT STUDY
b as | IYENGAR | IBEARUGBULEM | PRESENT | PRESENT STUDY AND | AND IBEARUGBULEM &
(1998) & EZEH (2013) STUDY INYENGAR (1998) EZEH (2013)
0.1 402.707 427.971 431.072 6.580 0.719
0.2 102.827 108.973 109.765 6.321 0.721
03 47471 50.089 50.454 5.912 0.725
0.4 28.307 29.703 29.921 5.393 0.729
05 19.667 20512 20.663 4.822 0.734
0.6 15.218 15.779 15.897 4.268 0.738
0.7 12.790 13.197 13.295 3.798 0.742
08 11.477 11.800 11.888 3.459 0.745
0.9 10.845 11.128 11.211 3.265 0.746
1 10.667 10.938 11.020 3.206 0.747
AVERAGE PERCENTAGE DIFFERENCE 4.702 0.735
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The present study gave a solution to CCCC thin plate
buckling, which has average percentage difference with the
solution from lyenger as 4.702%. This is an upper bound
approximation. It would also be noticed that the
closeness of the two solutions improves as the aspect
ratio increases from 0.1 to 1. Comparing with, Ibearugbulem
& Ezeh (2013), the corresponding percentage difference
ranges from 0.719% to 0.747%. This meant that the solution
from this present study is very close to the results of
Ibearugbulem & Ezeh (2013) and is upper bound to the later.
Hence, the assumed deflection function was close to the exact
shape function.

5. CONCLUSIONS

i Characteristics orthogonal polynomials derived shape
functions for rectangular plates are satisfactory in
approximating the deformed shape of thin rectangular
CCCC plate.

ii. Characteristics orthogonal polynomial derived shape
functions for rectangular CCCC plate coincides with
results obtained by Ibearugbulem & Ezeh (2013).

iii.  An indirect variation principle (based on Galerkin’s
method) could be used in confidence to satisfactorily
analyze real time rectangular thin plates of various
boundary conditions under in- plane loadings.

iv. The results obtained herein are very close to the
results obtained by previous research works that used
different methods of analysis.

RECOMMENDATIONS

Future studies should use the shape function derived by
Characteristic Orthogonal Polynomials herein and Galerkin’s
method to analyze plate on elastic foundation.
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