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Abstract

Analytical Methods provides exact solutions which have restrictions due to their inherent difficulties. On the other hand,
Numerical methods provide approximate solution to governing differential equations. In this research, Improved Finite Difference
Method (IFDM) using Polynomial series was used to develop a finite difference pattern. The patterns were applied in analyzing
pure bending of line continuum with various boundary conditions. The results obtained from this numerical method were
compared with those from exact method to check the accuracy of the solution. The results were found to be identical and very
close to the exact results, with percentage difference ranging from 0 — 0.02%. Hence, Improved Finite Difference Method
provides simple and approximate solution that are close to the exact value for pure bending analysis of line continuum.
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1. INTRODUCTION
The behavior of flexural linear continuum was defined by fl(x) = f L e T )
formulating governing differential equations. These
problems were solved by means of various analytical Equation (2) is known as the First Backward Difference
approaches to obtain exact solution (Chaje, 1974). Due to
their inherent difficulties, such analytical and exact solutions Where Ax means grid spacing/ length of segments along
have restrictions (Ibearugbulem et al., 2013; lyengar, 1988). member; i means station number.
|I’.l greas of.con5|d.erable prac.tlcal interest, thgy are either Hence, the Central Difference is given as
difficult or impossible to obtain. Hence, numerical methods
are engaged to obtain approximate solutions (Ugural, 1999). it fia
Thus Finite Difference Method is regarded as a numerical fi(x) = T oax e ®)
method that has its merit due to its straight forward approach
and minimum requirement on hardware. 2. POLYNOMIAL SERIES.

Many numerical methods are based on Polynomial series
1.1 FINITE DIFFERENCE METHOD i o )

expansion which is given as a function, f(x)
The Finite Difference Method is one of the most general s
numerical techniques. It refers to the process of replacing the foo = fan + Zic=i k; A GO )
partial derivatives by finite difference quotient and then
obtaining solution of resulting system of algebraic equations Where f ®= k™ derivative of the function.
(Yoo and Lee, 2011). In applying this method, the . .
derivatives in the governing differential equation under Equation (4) can be re-written as
consideration are replaced by differences at selected nodes. (x — x,) (x — )
These nodes make the finite difference mesh. fO) =)+ ——f'(x) + —5— f"(x) +
The first order expansion gives the form (x X )n

) Fron—f . —f"(x;) ... v (5)
fi (X) = T ................. (1)
) ) ) ) Applying equation (5) to expand the function f(x) at points

Equation (1) is known as the First Forward Difference and (x+1) and (x-1) yields

Volume: 03 Issue: 02 | Feb-2014, Available @ http://www.ijret.org 579



IJRET: International Journal of Research in Engineering and Technology

elSSN: 2319-1163 | pISSN: 2321-7308

1) +

(Ax)?
!

_ Ax 1
fo+y = () + Ff (x;) + >

3 4
%f”l(xi) + %fn/(xi) + e

A n
( :lcl) f(n) (xi) ...... (6)

+

A Ax)?
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3. IMPROVED
FORMULATION.

For the derivation of improved derivatives, the polynomial
series is applied once the grid parts are evenly spaced.
Figure 1 schematically indicates the grid parts for central
differences.

FINITE DIFFERENCE

3/

y

Y3/y4/

Yo

Oph 1 ph2 ph3 4 x5 46

72 7 7 72

Figure 1: Computational grid for finite difference
approximation

h is the grid spacing / segment length.
Taking ys as the pivotal point and expanding the function y;
using the series and truncating at the fourth-order derivative

y" gave;

K2 K3
yis = y3 +hyt + (7> vi + (g) y3!

K2 K3
Y2 = y3 — hyj + (7> vy — (g) y3!

h4
+ (ﬁ) yéV ...... (9)

Subtracting equations (9) from equation (8) gave:

h3
Yo — Yo = 2hyi + (?) yi. Thatis

Yo 2 h?

Adding equations (8) and (9) gave:

h4
yi + ¥2 = 2y3 + RPyi + Ey3’V.Thatis

P! h*\

Taking differences between nodes y; and ys and y; and y;
equations (8) and (9) shall give:

4h? 8h3
¥s =y3 + 2hy} + (T) yih+ (—) yi!

6
16h*
v
+( ) ) V3 (12)
4h? 8h3
y1=y3-2hyi +(— ) v —|— | ¥4"
2 6
N 16h"\ i
) ~(13)
Subtracting equation (13) from equation (12) gives:
1 8h3 111
Ys — V1 = 4hy3 + T Y3 e (14—)

Adding equations (12) and (13) gives:

16h*
ys+ y1 = 2y; + 42yl + ( T > yiV .. ..(15)

From equation (14), we have:
I 1 th 11
y3 = E(}’S + yl) - T V3 e e e (16)
From equation (15), we have:
11 1 4 : |4
Y3 =gz Us+ = 2y) = (5 ) ¥3 o @a7)
Subtracting equation (16) from equation (10) gave:
_Ya Vs V2 N1 h? 11 2h? 11
0=~ 2t m (6>y3 T3
That is;

Vi Vs Y2 B2 2,111 2,111
=322 3223254 32— p2ylll 4 4p2y
0 3h 32h 3h 32h 3 3
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This implies;
=3y:  3y2 3y+  3ys
2,001 _ o2 24 25
Wy = S T T T

1
syl = 7S (=y1+ 2y, — 2V4 + ¥V5) v e e (18)

Subtracting equation (17) from equation (11) gives:
oy 2y3 ya RPNy 2y

0= 222224 22 _ 24 =7
h? h? + h? 12 4h2 + 4h?

4p?
MY ow
+ (12> Y3

That is;

0= 12y, — 24y; + 12y, — h*y}’ — 3y5— 3y; + 6y;
+ 4htylV

This implies;

3h*yl = 3y, — 12y, + 18y; — 12y, + 3ys

oyl = %(yl — 4y, + 6Y3 — 4y + Vs) e (19)

Substituting equations (18) into equation (10) gives:

2
N R I P _
3= T oh T G 2hg(yl+ 2y, — 2y4 + ys5)

;1 Ya Y2 Y1 Y2, Va Vs

V3= o T 2h T 12n 6h ' 6h 12

wyb = %l (y1— 8y, + 8y, — yg) e e .. ... (20)
Equation (20) shows the first derivative of the improved
finite difference.
Substituting equation (19) into equation (11) gives:
h? 1

-1 ( /h4 (y1— 4y, + 6y; — 4y,

+ )’5))
That is;

n_ Y 2ys W V1 V2 V3 Ve

TR VA VA TV TR TR T
s
12h?
1
= Y3 = Topz (Zy1+ 16y, — 30y;5 + 16y,
L) (21)

Equation (21) shows the second derivatives of the improved
finite difference.
From equation (8), we can obtain:

hZ h3 4
I _— I 11 i R |74 R 74
Vs = Y3 + hy3 + 2 Y3 + 6 y3 + 24y3 ......... (22)
From equation (9), we can obtain:
hZ 3 4
J G I IR | | B | 4 [ 4
v, = y;3— hys + > V3 > Y3 + a3 e (23)
Subtracting equation (23) from equation (22) gives:

y[l
yi— y; = 2hy{ + ?3’9’

11 1 I 1 hz v
“ Y8 = o hm y) T YA e (24)

Adding equation (22) and equation (23) gives:
4

h
yi+ vy = 2yt +h2yi + Eyg

1 2
w Y=g 02 = 205 YD) = Y e (25)

From equation (12) and equation (13), we have:
4h? 8h3

yi = yi+2hyf + T}’éu + TJ’?
16h*

1’4
+ 24 y3 (2 6)

4h? 8h3
yi = yi— 2hyi + Tyé" - Tyév
16h* | 57
2 V3 e (27)

Subtracting equation (27) from equation (26) gives:
3

8h
vi =yl = 4yl +—yf .. (28)

Adding equation (26) and equation (27) gives:

4
VY e (29)

16h
Y5+ vi = 2y3+ 4hytyi 4+ —

From equation (28), we can obtain:
11 1 1 I th 4
y3 = E (yS _yl)_ Ty3 (30)

From equation (29), we can obtain:

1 _ 1 1 2 I 1 4h2 %4 31
y3' = a1 2y 4 ) - 5y 31
Subtracting equation (30) from equation (24) gives:

y41 Y2 hZ v _ y51+ y{ + z_hZ v

T T e Tttt 3

That is;
_6_3"{_6_3’5_2111_3_3’%4_33’1 gylV
h3 K3 S m T m 3

This implies that

1
6ys" = -3 (=31 + 62 — 6yi + 3y5)

1

oyl = T (v +2yL — 2yi+ y) ... .. (32)

Subtracting equation (31) from equation (25) gives:
oo Y2 By v MO, oy 2y s
R R TR 1273 T an? T an? T an2
+4h2 v
12 V3

That is

h2yY = )’{ 4Yé 6yé 4yi )’é
ittt T TR
I 1 I 1 I I 1

Substituting equation (32) into equation (24), we have:

1
yi = h (i — ¥2)
h2

1 I I I I
— oz Gty Zyatys)
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That is;

_ vy, 1, 1 1 [
T TR T R T v TR

ooyl = — ! (i — 8y{ +8yi— ¥i) (34)
3 12h 1 1 4 5 ---------

Substituting equation (33) into equation (25), we have:

1
il =702 -

2y5 +yi)

2
_h_ i(1—4’+6’—4’+ 1)
12 h43’1 V2 V3 V4 T Vs

That is;

1
=37 02— 2y3+ yi)
- 12h2 (¥l — 4y} + 6y} — 4yi + ¥i)
~ il = 12h2 (v{ — 16y§ — 304 + 16y; — yi)
......... (35)
Ignoring higher order term in equation (10) gives:
1
VA= 5 0= ¥2) e (36)
Similarly;
1
Yi=op 03 = 1) e (37)
| 1
yl = ﬁ (yz —_ yz) fer nn wen aes ee (38)
; 1
Y= 5 05 = ¥3) e (39)
1
V4= 5 06 = Ya) e (40)

Substituting equations (36) to (34) into equation (35) gives:

1
yit = saps G2+ Yo+ 16y — 16y1 — 30y,

+ 30y, + 16y5 — 16y3 — Yo + ya)

That is;

1
= (7o — 16y, + 29y, — 29y, + 16y5 — ye)

1
lll
- Y3 2413 o —

16y1 + 29y2 + 0y3 — 29y4

4

+ h2yl 4 h_ VI

ik 0 _ ool
Yo + y2 = 2y3 173

This implies that

2

)4 1 11 h
¥ = i = 2yl + yihy — —y Lo (49)
From equations (26) and (27), we can obtain;
4h? 8h3
vi = v+ 2hyf + —yd + —y
2 6
16h2
yy! v (45)
4h? 8h3
vi' = yi = 2hyd + ——ys’ ———yf
16h4
yé” e e (46)
Adding equations (45) and (46) gives:
16h*
v + vt =23+ 4htys + ———yy
This implies that:
2
yiV = i = 2yl + ys’)— — ¥ (47)

B 4h2
Subtracting equation (47) from equation (44) gives:

yi 2y oyt ko oy 2y
oo T 12
|4

12 }’3

4h? ~ 4h%?  4h?
=0
This implies that:

A oeyl 4y oyl oyl

R R TR TR
v_ Loy il I 1
- Y3 =F()’1 — 4y + 6ys' — 4yi' +yi) ... (48)

Substituting equation (48) into equation (47) gives:

E_q.uaticTn (41) shows the third derivatives of the improved ylV = 4h2 = 298 + ylh
finite difference. 4h2 Il 4 gyl
From equation (22) and (23), we can obtain: ( (y1 - A2+ by >>
12 \R* | —ayfl + yl
h2 h3 h* Va Vs
yil = yil + hylll + Ey”/ + —y¥ + —y ...... (42)
67 That is;
I I LA B N L GO | S M
vi = yi = hyi + =y’ = yi + opyd e (43) 4h*  4h? " 4h>  3h? © 3h*  3h% ' 3h?  3h?
That is;
Adding equations (42) and (43) gives: —yil a4yl 5yl gyl Yl
12h? = 3h? 2h?  3h%2  12h?
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1
=yl = o (i + 16y4 — 308 + 16y)
— yih ... (49)
Ignoring higher order term in equation (11) gives:
11 1
Similarly;
11 1
y; = ﬁ (J/1 - 2y2 + y3) ......... (51)
11 1
vy = ﬁ (J/O - Zy]_ + yz) ......... (52)
1" 1
y4 = h_Z (y3 —_ 2y4_ + ys) ......... (53)
11 1
Vs = ﬁ (y4 - 2y5 + y6) ......... (54)

Substituting equations (50) to (54) into equation (49) gives:

1
yy = Tt Yo 2yt =2 +16y1 = 32,

=32y, + 165 — Y4 + 2y5 — ¥s)
That is;

1
= o (—yo + 18y, — 63y, + 92y; — 63y, + 18ys

= Y6)
1
yy = (—=yo + 18y, — 63y, + 92y; — 63y,

12h*
+ 18y5 — y¢) ... (55)
Equation (55) shows the fourth derivative of the improved
finite difference.

The coefficients of the corresponding function values in the
improved finite difference expressions of the first-order,
second-order, third-order and fourth-order derivatives as
given in equations (20), (21), (41) and (55) are used to
develop finite difference patterns and are schematically
given on table 1.

Table -1: Schematic representation of Higher order
Finite Difference Expression.

yn
3 COEFFICIENTS

12h%y3 | (1—16—30—16—1)

12hys | (1—~8—~0—8—1)

24y’ | (11629~ 0 ~29~16-(1)

12ntyy | (118630206318~ 1)

4. BASIC EQUATION FOR PURE BENDING.

The fourth — order differential equation of a bent line
continuum was given by Ugural (Ugural, 1999) as:
El d'w =P
dx*
Where w is the deflection and P is the applied uniformly
distributed load per meter length of the continuum.

5. LINEAR CONTINUUM WITH VARIOUS
BOUNDARY CONDITIONS.

Three line continua with different boundary conditions were
studied in this work namely: Pin — Roller supports (P — R),
Clamped — Clamped supports (C — C) and Clamped — Roller
supports (C — R). Their boundary conditions are shown in
table 2. Also, the line continua were studied using 3
different cases namely:

Case 1: Dividing the linear continuum into 4 equal lengths
Case 2: Dividing the linear continuum into 6 equal lengths

Case 3: Dividing the linear continuum into 8 equal lengths
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Table -2: Line continua and their boundary conditions.

Linear Continuum Boundary Conditions

dZW(O) _

— I _ .
wo =02 = W =0
Pin — Roller Linear
Continuum (P —R) dw,) I
wo =0,—= = wy = 0.
dwey _
| || vo =0y = =
d*way _
way =05 = way =0
Clamped - Clamped
Linear Continuum (C - C)
dwey _
i W(O) = 0, dw = W(O) = 0,
dw,
)
W(L) = 0' dx = W(IL) = 0

Clamped — Roller Linear
Continuum (C — R)

6. APPLICATION AND RESULT OF IMPROVED
FINITE DIFFERENCE ANALYSIS

The derived coefficients and patterns are applied to the
governing equation at each node using the 3 different cases
with the appropriate boundary conditions being satisfied to
generate the required matrix equations, from which the
deflections at each node were determined. The results of the
pure bending analysis are presented on table 3. Exact result
obtained from previous analysis is also shown in the table
for comparison.
Table -3a: Result data for case 1 and exact values

Linear Case 1
. Exact result _
continuum (n=3)
P-R 5PL* 0.013048PL*
384E] El
(0.21% Diff)
c-C pL* 0.003348PL*
384E] El
(28.6% Diff)
C-R 2PL* 0.005896PL*
384E] El
(13.2% Diff)

Table -3b: Result data for case 2 and exact values

Linear Case 2
. Exact result —
continuum (n=5)
P-R 5PL* 0.013026PL*
384EI El
(0.04% Diff)
C-C pPL* 0.002919PL*
384EI El
(12.2% Diff)

C-R 2PL*
384EI

0.005499PL*

EL
(5.6% Diff)

Table -3c: Result data for case 3 and exact values

Linear Case 3
. Exact result -
continuum (n=7)
P-R 5PL* 0.013021PL*
384E] EI
(0% Diff)
Cc-C pL* 0.002779PL*
384E] EI
(6.7% diff)
C-R 2PL* 0.005371PL*
384E]

El
(3.13% Diff)

7. CONCLUSIONS

The result for the pure bending analysis of line continua of
three boundary conditions using Improved Finite Difference
are presented on table 3. It can be seen from the analysis that
the results from P-R boundary condition are virtually the
same as exact results. Results emerging from C-C boundary
condition shows a percentage difference ranging from 6.7%
- 28.6% while that of C-R boundary condition ranges from
3.13% - 13.2% from the exact result.

Also, these results suggest that as the number of nodes (or
division) increases, the more accurate the result becomes.
Finally, the results from the pattern developed from this
improved finite difference analysis are effective and is
recommended for use in structural engineering.
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