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Abstract
For any graph G = (V,E ), block graph B(G) is a graph whose set of vertices is the union of the set of blocks of G in which two
vertices are adjacent if and only if the corresponding blocks of G are adjacent. A dominating set D of a graph B(G) is a split block
dominating set if the induced sub graph (V[B(G)] — D) is disconnected .The split block domination number y, (G) of G is the
minimum cardinality of split block dominating set of G. In this paper many boundson y;, (G) are obtained in terms of elements of G
but not the elements of B(G). Also itsrelation with other domination parametersis established.
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1. INTRODUCTION

In this paper, al the graphs considered here are simple, finite,
non trivial, undirected and connected. As usual p and g denote
the number of vertices and edges of a graph G. In this paper,
for any undefined terms or notations can be found in
Harary'.As usual, the maximum degree of a vertex in G
is denoted byA(G). A vertex v is caled a cut vertex if
removing it from G increases the number of components of G.
For any real number x, |x] denotes the greatest integer not
greater than x. The complement G of a graph G hasV as its
vertex set, but two vertices are adjacent in G if they are not
adjacent in G. A graph G is caled trivial if it has no edges, If
G has at least one edge then G is called nontrivial graph. A
nontrivial connected graph G with at least one cut vertices
caled aseparable graph, otherwise a non- separable graph.
A vertex cover in agraph G is a set of vertices that covers all
the edges of G .The vertex covering number a,(G) is a
minimum cardinality of a vertex cover in G. A set of vertices
in agraph G is called an independent set if no two vertices in
the same set are adjacent. The vertex independence number
B, (G) is the maximum cardinality of an independent
set of vertices. The greatest distance between any two vertices
of a connected graph G is caled the diameter of G and is
denoted by diam(G). A dominating set D of agraph B(G) isa
split block dominating set if the induced sub graph
(V[B(G)] — D) is adisconnected. The split block domination
number y,, (G) of G is the minimum cardinaity of split block
dominating set G. In this paper many bounds on y, (G) are
obtained in terms of elements of G but not the elements of
B(G), also its relation with other domination parameters is
established.

We need the following theorems for our further results.
Theorem A[3]: For any graph G with an end vertex
y(G) = ys(G).

Theorem B[3]: A split dominating set D of G is minimal
for each vertexv € D, one of the following conditions holds.

i) There exists a vertex u € V — D ,suchthat N(U)ND =
{v}

ii) v isan isolated vertex in(D)

iii) ((v—D) u {v}) isconnected.

Theorem C[2]: If a graph G has no isolated vertices, then

o< ]
Theorem D [3] : For any graph G ,y,(G) < —Ap(égi)l
2.RESULTS

Theorem 1

For any connected (p,q) graph G # K, , then y5,(G) <p —
AG) — 1

Proof: For any non trivial connected graph G, the block
graph B(G) in which each block is complete. Suppose B(G) =
K, , then by the definition of split domination, the split
domination set does not exists. Hence B(G) # K.

We consider the following cases.

Casel: Assume G is a tree. Then every block of G is an edge.
Let S={B;,B;,Bs,......B,} be the blocks of G and
M = {b; ,b, ,bs,........... b, } be the block vertices in B(G)
corresponding to the blocks B;,B, ,Bs ,..........B, of S.
Let {B;} c S such that for all B; isan non end blocks of G.
Then {b;} < V[B(G)] which are cut vertices corresponding the
set {B;}. Since each block is a complete in B(G). Then every
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vertex of V[B(G)] — {b;} is adjacent to atleast one vertex of
{b;}. Clearly|b;| = y,(G). Also each b; is acut vertex, which
also gives |b;| =y, (G). Since for a tree p = q+ 1 each
blockintreeT isanedgethen P =B, + 1.

Hence P — A(G) —1 = |b;| which gives P —A(G) — 1=
Ysb(G)

case 2 : Suppose G is not atree. Then there exists atleast one
block which is not an edge. Let B, , B;,Bs, ... ... ... B, be the
blocks of ¢ and by, b,, by, ... ... ... b, be the corresponding
block vertices in B(G) . Let {b;} € V[B(G)] in which
V b;which is adjacent to at least one vertex of V[B(G)] —
{b;}.But every vertex of b; is acut vertex in B(G) .Since each
block of B(G) is a complete graph. The set {b;} gives a
minimal split dominating set in B(G). Hence |b;| gives a split
domination number y,,(G) in B(G). Since P—AG—1 >
|b;| then v, (G) < P — AG — 1 asrequired.

Theorem 2
For any graph G withn — blocks , B(G) # K, then

ysb(G) =n-—2

Proof : Suppose B(G) is a complete graph, then by definition
split domination does not exists in B(G). Hence B(G) # K,,.
Suppose G be any graph with S = {B;, B,, B3, ... ... ... B,} be
the blocks of G and M = {by, by, b, ... ... ... b,} the block
vertices in B(G) corresponding to the blocks

Let H={B,,B,,B;,......B;} be the set of al non end
blocks in G ,3<i<n which generates a set M; =
{by,by,bs,.o.e..b;}in B(G),V b; in B(G)are cut vertices.
Now we consider M;" € M, such that V[B(G)] — M, gives
a disconnected block graph and every vertex of V[B(G)] —
M,! are adjacent to at least one vertex of M, .Hence M,* is a
minimal split dominating set of B(G).

InB(G),|VIB(G)]=n|and Vv; € M;* are a a distance at
most two  which gives |V[B(G)|—2=|M'.
Hence y,(G) <n—2 .

Theorem 3

If ys5(G) = y(G) thenn — 2 = y(G) where n is the number
of blocks of G but the converse of the above need not be true.
Proof : Suppose y.(G) =y(G) then by theorem (2)
Y (G) <n—2.Since yg,,(G) =y(G), ~n—2=y(G). The
following graphs show that the converse of the above is true.
i.e.,if n—2 = y(G) thenyy (G) = y(G)

B(G)

Tota number of blocksinG, n =7,y(G) = 2,y (G) = 2.

But the converse of the above theorem is not always true. This
can be shown by the following graph.

: NN

B(&)

Total number of blocks inG,n =75, y(G) =2,y4(G) =1
therefore, eventhoughn — 2 = y(G), v (G) #yv(G).

Theorem 4

PA(G)
24A(G) T

For any graph G, B(G) # K, then y,(G) <

Proof : We consider only those graphs which are not
B(G) =K, .letDbe a y; — set of B(G) using theorem (B)
it follows that for each vertex v € D there exist a vertex
u € V[B(G)] — D. such that v is adjacent to u. Since each
block in B(G) is acomplete, thisimpliesthat V[B(G)] — D is
adominating set of B(G).

Thus

y(6) < [V[B(G)] - D|,y(6) <
P —y,,(G) ,since by theorem y,(G) <

P.A(G)
2+A(G)

P.AG
1+A(G)

which gives y4,(G) <

Theorem 5

For any graph G, B(G) # K, ,then yg, < ag(G) where ag
isavertex covering number.

Proof : Suppose B(G) is a complete graph. By defination,
split domination does not exists in B(G). Hence B(G) # K,,.
Let T be a maximum independent set of vertices in B(G),
then T has atleast two vertices and every vertex in T is
adjacent to some vertex in
V[B(G)] — T .This implies that V[B(G)] - T is a split
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dominating set of B(G). Let S = {By,B;,B5, ... ... ... B,} be
the set of blocksin G. We consider the following case.

case 1: Suppose each block is an edge in {S}.Let S, =
{B;},1<i<mn beasubsetof Tthen Ve; € E(G) are
incident to atleast one vertex of S; .clealy
S; €V [B(G)] -T.Then |S,| < |V[B(G)] — T | which gives
Vsb < aO(G)-

case 2 : Suppose there exists atleast one blockwhich is not
an edge, then there exists a block which contains atleast three
vertices. From the above case 1, ay(G) is increasing more
than that of the graph asin case 1, clearly y4,(G) < ay(G).

Theorem 6
For any connected graph G, B(G) # K, then y4,(G) < y(G)

Proof : For split domination, we consider the graphs with the
property B (G) # K, . Let V(G) = {vy,v;5,V3, eV}
and HcV(G) be a minima dominating set of
G such that |H| = y(G). For yy,(G) of any graph we
consider the following cases.

case 1: Suppose each block of G is an edge thenin B(G) each
block is complete. Let H = {b,,b,, b5, ... ... ... b;} be the set
of cut vertices in B(G ) which corresponds to the non end
blocks of G .We consider H; € H such that |H,| =
Ysp Which gives |H| > |H,|. Hence y4,(G) < y(G) .

case2: Suppose there exists atleast one blockwith atleast
three vertices. Assume B, is a block which contains atleast
three vertices then B, € V[B(G)]. If B, is end block in
G,then B, € V[B(G)] — D,where Dis a minima dominating
set .Otherwise B, € D. Hence in this case V[G]=
V[B(G)]land V[B(G)] — D has more than one component.
Hence |D| = yg, (G)such that |H| > |D| which gives

Y(G) = ysp (G).

Theorem 7

For any graph G with n —blocks and B(G) + K,,,
then vy (G) <n+vy,(G) — 4.

Proof : Suppose S = {By,B;, Bg, ... «.. ... B, } be the blocks of
G. Then M = {b;,by, b5 ... ...... b,} be the corresponding
block vertices in B(G) with respect to the set S. Let H =
{v1, V2, V3, e v v v, } bethe set of verticesinG,V(G) = H. If
J ={v, v, V3 e e v} wherel <m < n.such thajc H
and suppose there exists a set J; ¢ Jthen{v;} €
J1 which gives H —J; is a disconnected graph. Suppose
J1 U J has the minimum number of vertices, such that N(J; U
) =V(G)— (J,UJ) givesaminima split domination set in
G. Hence|], UJ| =vy:(G).

Suppose M* = {by, by, bs, . . .. b} where1<j <n such

that M1 ¢ M thenV b; € M* are cut vertices in B(G ,) since
they are non end blocks in B(G) ,and each block is complete
inB(G).Hence M' isay, — set of B(G).

clearly IM*| =y, (G).Now [M*| <n+|J,UJ|—4 gives
the required result.

Theorem 8

For any graph G with n — blocks ,B(G) # K, then
Ysp(G) < diameter(G) — 2.

Proof : SupposeS = {B,,B,,Bs,........ By} be the blocks
of G then M = {b, ,b,,bs, .........b,} be the corresponding
block vertices in B(G). Suppose
A={e e, ,e5,€4,......er} be the set of edges which
congtitutes the diameteral path inG.LetS; = {B;} where 1 <
i<n,S;cS .Suppose VB; €S, are non end blocks in
G, which gives the cut vertices in B(G) .Suppose M! =
{by,by,bs,......b;} where 1 < i < nsuch that M c
M then V b; € M* are cut verticesin B(G) .Since they are non
end blocks in B(G) and each block is complete in B(G).
Hence M?'isay, — setof B(G).Clearly |M'| =y, (G).
Suppose G is cyclic then there exists atleast one block B
which contains a block diametrical path of length at least two.
In B(G) the block B € V[B(G)] as a singleton and if at most
two eements of {A} ¢ diameter(G) then |A| — 2 =
M| gives y,(G) < diameter(G) — 2.

Suppose G is acyclic then each edge of G isablock of G. Now
VB, €S,3e,e,¢& {A}

where 1 <i,j < k gives diameter(G) —2 >
|[M1|.Cleariwe have yg,(G) < diameter (G) — 2.

Theorem 9

For any graph G,B(G) # K, thenyg, < ,(G) —1 where
B,(G) isthe independence number of G.

Proof : From the definition of split domination, B(G) +

K,.Suppose S = {B;,B; ,B3 , ... ... .. B, } be the blocks of G
.Then M ={b,,b,,bs, ........ b,} be the corresponding
block vertices in B(G) with respect to the set S.Let H =
{1, V2, V3, e e e v, } be the set of vertices in G,V (G) = H.

We have the following cases.

case 1 : Suppose each block is an edge in G.Let H' =
N v;} wherel <i<n,H!'cC

H such that Vv; € H,3e; € E(G) are joining two vertices
of H. Hence each vertex in (V(G) — H') is independent, so

|V(G)_H1| :BO(G).Letsl = {Bl ,Bz,B3, ......... Bk} be
the set of al non end blocks
inG,then M* = {by ,by , b3, ... ... ... b,} be the corresponding

block vertices in B(G) which are cut vertices. Since each
block is complete in B(G) and V b, € M* covers all the
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vertices belongs to the corresponding blocks which are
complete. Clearly |M?!| = y,,(G) which gives y4,(G) <
Bo(G) — 1.

case 2: Suppose G has atleast one block which is not an edge.
Assume there exists a blockB; which is not an edge. Then B;
contains atleast two independent vertices. From casel for this
graph |B,| will be more. In B(G),b; € V[B(G)] is a vertex
(B; & b;) . Again from the above case b; € ML, If b; isthe
non end block in Gthenb; € M, otherwise b; &
M?* hence |[M'| = y,,(G). Now one can easly verify that
Yso(G) < B,(G) — 1.

Theorem 10

For any graph G, B(G) # K, ,thenyg,(G) +y(G) <P -1
Proof : Suppose B(G) is a complete graph, by definition,
Split domination does not exists in B(G). Hence B(G) +
K,. Suppose S ={B;,B;,B;,....... B,} be the blocks
of G.Then M = {b;,b, ,bs3, ... ...... b, } be the corresponding
block vertices in B(G). LetH = {v; ,v,, V3, cuv ver vue v, } be the
set of vertices in G. | ={v;,v,,V3, 0 .. v;},where 1 <
i <nsuchthat ] c H,V v; € ] Which covers all the vertices
of ¢ with minima cardinadity .Hence / is a minima
dominating set of Gand|]| =y(G). Let
S, ={B;}wherel1<i<n,ScSandVB; €S, ae non
end blocks in G.Then we have M; ¢ M which correspondes
to the dements of S; such that M; forms a minimal
dominating set of B(G). Since each element of M, is a cut
vertex then |M;| =y (G). Further M{UJ <P -1
which givesy, (G) +y(G) < P — 1.

Theorem 11

For any graph G, B(G) # K, then yg, < EJ

Proof : To prove the lower bound for y,,(G), the graph
B(G) # K, .LetS ={B;,B;3,Bs,......... B,} be the blocks in
GandM ={b,,b,,bs, ........ b, } be the corresponding block
vertices in B(G) with respect to the set S. Let H =
{vi,v5,V3 .. v, } be the set of vertices in G such that
V(G) = H. Let G be a connected and assume that x is the set
of all end vertices adjacent to a vertex v, where |x| = t. Then
the induced subgraph H! = (H — (x U {v})) has no isolates

and by Theorem (C) y,,(H') < lp_zt_lj , If pis even, say
p=2k thenK = y,(G) <1+ [““Z—H] then there exist a
most one end vertex adjacent to eachv € H suchthatt < 1 as

required. If pisodd, sayp =2k + 1,then K = y4,(G) <

1+ leHZ—_t_lJ and deduce that t < 2. Assume in this case (n

is odd), that R is the set of vertices that are adjacent to exactly
two end vertices, where |R| = |M*| where M* ¢ M note that
each vertex of R is in any minimal dominating set of
B(G).Let B(G') be the sub graph formed removing R and dl

end vertices that are adjacent to vertices in R. The set I of
isolates of B(GY is dominated in
B(G) by R .The graph B(G') —1 is isolate free and has
amost 2k + 1 —3rwvertices. Then y[B(G')—-1I]<
lZKJ'Zl_SrJ A dominating set of  B(G?) — I together with R
denotes B(G).

Hence K =y4,(G) <r+ l

2k+1-3
rJ ,r<1 on the above

2
said two cases, we have |M!| < @ which gives yg, < EJ

Theorem 12

For any connected graph with n — blocks B(G) # K, then
Ysp(G) <n—2.

Proof: Let G be a connected graph with
n = 3 blocks. Then the number of blocks of (G) is less
than or equa to n and hence ¥, (G) <y (G) and
from Theorem (2) v, (G) <n — 2.

Theorem 13

For any graph G,B(G) # K,, withp > 4 vertics and B(G)
has no isolatesthen y,,(G) < P — 3.

Proof : Let G be agraph with P > 4 vertices and B(G) has
no isolates. Then the number of blocks of B(G) islessthan or
equal to P — 3. Hence y,,(G) < P — 3.

Theorem 14
For any graph G, B(G) # K, , then

@ ¥sp(6) + v (G) < 2(n - 2)
(i) ¥ (6).¥sp(G) < (n—2)%.

Proof : From Theorem (2) and Theorem (12) the above
result follows
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