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Abstract

To prevent the singularity of serial robot’'s duethe lost of one or more degree of twist freedadns, mecessary to determine the
Jacobian matrix J associated to its instantaneousion and analyze the vanishing condition of theedminant det (J). Usually,
the large expression of det (J) does not facilimteefficient geometric analysis. Since Grassmaapl€y Algebra (GCA) has
powerful tools for geometric interpretation of cdarate free representation and singularity analgein real time computing,
this method is implemented in the present work. gded of this research is to determine the singtyacondition of wrist-
partitioned 6-R serial manipulator (SM) based onAQhe symbolic approach of Pliicker coordinatediieused to formulate
the twist system (TS) of SM. The twist systemmdasito det (J) which rows are Plicker coordindiees. The vanishing
condition of det (J) based on the linearity corafitiof TS is determined without algebraic coordinatel provides a single
singularity condition which contains all generalschparticulars cases. The keys elements of tramshietween the rows of J and
singularity condition of a twist-partitioned 6-R SMle the introduction of the symbolic approach tifdRer coordinate lines and
superbracket. The vanishing points of the supetetare analyzed to describe the singularity cdodit The result indicates
that for a wrist-partitioned 6-R SM a single singuty condition contains three generals cases saglthe shoulder, elbow and
wrist singularity. Since the three last axis of thiést are no-coplanar and intersecting at a uniqu@nt, it is suggested that for a
wrist-partitioned 6-R serial manipulator, the wrghgularity never occurs physically, except thatdesign will be modified.

Index Terms: Singularity, 6-R Serial Manipulators, Grassmannyleg Algebra, Projective space, Twist graph

1. INTRODUCTION

Indeed, R. Paul and C. Stevenson [18] were theegi@nto
observe serial singularity from Jacobian matrix.Gttlieb
[19] proved their observation while D. Baker [20%ed
topological argument to confirm them. Inter alia thoal,
analytical approach by dividing the Jacobian matirixfour
distinct square matrix[21],identification method by
developing equation on the sphere [22], algelivased on
screw theory and it reciprocal [23,25,30],forwareida

Serial robot's singularity is commonly defined as
configuration from which certain direction of matianay
be unattainable. This defeat is due to the lostnef or more

degree of twist systefilS) freedom. One approach to
solve this difficulty is determining where the Jhmm
matrixJ, is non-singular for all values of the joint posits.

Usually the large expressions of the determinant
complicated efficient geometric analysis. To oveneothis
problem, several approaches have been proposedtioer

past years. Among these approaches Grassmann-Cayley

Algebra (GCA) is probably one of the most efficient since
it provides sufficient tools to properly analyzeogeetrically
the singularity condition without coordinate
expressionGCA approach is suitable for analyzing the
rigidity of the framework of the architecture arat Scene
analysis [1-8].lt has a powerful tools for geonetri
interpretation of coordinate free representationd an
singularity analyzing in real time computing .Thausion
provided inGCA language by vanishing the superbrackets
decomposition is a single condition which contaiz
general and particular cases [1-17].To preventcthsh of
serial robot's actuators which are in singularity

configuration, we firstly determined, related to its twist
and secondly calculate the dependency conditiorthef
det(J, )which rows are Pliicker coordinate lines.

inverse kinematic equation approach [24,31,32,34,35
singularity isolation or removing the degenerate psethod
[26,36], geometric classification method [27-29)atgrnion
based on geometry algebra [38,39],constraint amaased
force method [33]etc ...

Although, singular configuration of serial robotutt be
detected by software simulation [37], the largeregpions

ofdet(J, )is still a challenge for researchers. In this schpe

Merlet [40] confirmed the above-mentioned probleme dits
complexity .This research focuses on the singwyarit

condition which is vanishing condition aet(J, ) using

GCA .This method direct to singularity analysis withou
algebraic coordinates and makes a geometric irgtjpon.

for the vanishing points of the superbracket whghimilar
todet(J, ).

In this paper, the singularity condition for wrist-
partitioned 6— R serial manipulator based on the
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degeneracy of a twist system using the dependeficy o
Plucker coordinate lines is performed in coordinfe
expression to obtain a single singularity conditiociuding
all general and particular poses. The work is omghas
follow: Sect.2recalls some prerequisites in proyecspace

used ifGCA such as Pliicker coordinate lines, twist system
and it associated graph, the concept of join andetme

operators. In Sect.3, describ€s— R wrist-partitioned
SMs and the adopted representation of the mechanism.
Sect.4 shows the twist system graph while SectGdes on

the singularity analysis o6 — R serial manipulator. Finally
conclusion is given at Sect.6.

2. FUNDAMENTALS CONCEPT IN
PROJECTIVE SPACE AND GCA

In this part we will give a brief background of jactive
geometry tools used @CAfor serial robot .More details
on Pliicker lines an@CA can be found in[4-8;15;41].

2.1 Twist System Projective Space

Projective space
Projective spadg is commonly referred as Euclidean space

added with the pland,l  at infinity namely infinite plane,
which is formed by the points and lines at infininy pair
of parallel lines inQ intersects each over at a unique point

at infinity while any pair of parallel planes @ intersects
eachoverin the same and unique line at infinity.

Homogeneous coordinates and Pliicker coordinates &8

In Cartesian coordinate systdfi , each poiniX 0 R"is
written as X (X, %,...,% ) .Adding the (n+1)th
coordinate equal tb, we get the homogeneous coordinates
of X .

If t # 0; the homogeneous form oX is:

t(X, %0 %, 1) = (X000 1) (O
Then for any vector witfin +1) real number where the last
coordinate is a scaltwz O , we can recover the Cartesian
coordinate of such vector by dividing ittto Let accept now
the(n +1) th coordinate equal @if and only if the point

X is at infinity. Toms [42] recalled that all algebraic
representation of projective geometry must be
homogeneous. Lilian [43] and Roy [44] confirmed
respectively that any projective point (line) hawrf (six)
homogeneous coordinatesQhand each line i is called
Plucker line.

N number of independents kinematic chains form

(n)screw space which is a screw subspace who is

composed of ) Systen screw .An instantaneous screw
axis is a Plicker coordinate vector line with iss@ciated

$=[s,(Sx s+ hy @
with, Sthe unit vector along the screw ax&, the position
vector of a point on the screw axis with respectato
reference frameh the pitch of the screw.
A twist of zero pitch screm1§$o =[s,(§ % 9] .is a Pliicker

coordinate vector of a finite line which is idemd as an
instantaneous pure rotation of a rigid body abbetaxid .

2.2 Introduction to Grassmann-Cayley Algebra

GCA is a symbolic approach to Pliicker coordinatesntgoi
are represented with their homogeneous coordinateite
lines and planes are represented with their Plicker
coordinates. Extensors are symbolically denotedligker
coordinates of lines and characterized by theip.steor
example in the four-dimensional vector spa\z’e4

associated with thethree— dimensione projective
spaceQ3 , extensors of step 1, 2 and 3 represent point,

linel and pland® respectively .(See Fig-1:1,11}).
| =alb,P=alblc

: 3)

POl =c
They are also associated witbubspaces o, of
dimension 1, 2 and 3, respectively. L&/"

be(n)dimensiona vector space over the fied ,W
be(k)dimensionasubspace of " with{ W, W,,..., W}
a basis oMW andP a Plucker coordinate vector\df .

r (l') /, /?E //
] ] N

1

Fig-1: lllustrations of joint and meet operators and
intersecting parallel lines at infinity

Consider a symbolic level in whidh is described without
specific coordinate basis, this symbolic approagresents
also a Plucker coordinate vectdrin the

qk -dimensional vector space\f and can be written as:
P=wUOwU..0Ow=ww..w (4)

In coordinate free expressidh is called an extensor of
stepk . Let beS a finite set of point§w, W,,..., W}

pitch in a given position, then the screw axis mf gobot is defined now in the(k—1) dimensional Projective
described as:
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spaceQ over the fieldR whereW = (X, X;,..., % ) -
EachW is represented by it homogeneous coordinate
form k—tuple with 1<i <k .The bracket of these

vectors is defined as the determinant of a mataixirngWw,
as its columns:

Xa K o Xy

(W, W, ..., W, ]= (5)

X2 Xk

In GCA language this determinant formed by the
homogeneous coordinate namely superbracket repsesen
symbolically the Plucker coordinate lines .The defancy
conditions of these Plicker coordinate lines iatesl to the
vanishing conditions of the determinafithis approach is
used to analyze the instantaneous kinematics ak asel
determining geometrically thsingularity configurations in
coordinate free manners. Instantaneously a twiatespof
serial combination of motion constraints is the «afrthe all
twist spaces of the composing constraints.

In GCA language a twist space of the serial conoeaf
kinematic chains is the support of the join of #ike
extensors which represent the twist spaces of hhs. It
provided that their twists extensors are lineanlyeipendent
[41].Consequently Pliucker coordinate vectors of thak
system can be denoted symbolically without notitsy i
coordinates. Eq. (4) is used to find the dependency
condition. Thus, a singularity occurs when theséckr
coordinate vectors are dependent, which is equivaie
superbrackets equal to zero.

If the Pliicker coordinate lines are linearly indegent

P=wlOwU.Ow#0 (6)
If the Plucker coordinates lines are linearly dejsa, the

superbracket which is the determinant formed by the
homogeneous coordinate lines vanish:

P=wUOw0.0Ow=0

Xk,l

coe X
e M o
(W, Wy, ..., W =] :o-- =0
X1 X2 X k
3. DESCRIPTION AND ADOPTED

REPRESENTATION OF A GENERAL WRIST-
PARTITIONED 6R SERIAL MANIPULATORS
3.1Description of Wrist-Partitioned 6-R SMs

The manipulator under consideration consists oésdwnks
| (1=1,2,...,7, connected in succession by six revolute

joints. The Iinkll fixed to the ground in a fixe
frameO(X Y,Z) while the last three non-coplanar axis

intersect at a unique common pdin(see Fig-2).

Fig-2: A general 6-R wrist-partitioned SMs
6-R  Wrist-

3.2 Adopted Representations of
Partitioned SMs

(a) The revolute axig are respectively the joint axis lof
wherel =1,2,...,€

(b) z, is orthogonal t@, and orthogonato Z, .

andl,,
(C) z, andz, are parallel.
(d)z, z andz are three no-coplanar intersecting axis at

a unique poinh .
We choose two points on each of these six joirg agnters:
aB,cD,fE,hG,h. and hL  respectively on

Z,Z, Z, 4, £ and Z; (see Fig-3)

4. TWIST SYSTEM AND
GRAPH

IT'S ASSOCIATED

4.1 Twist System using the Symbolic Approach of
Plicker Coordinate Line in GCA Language

Since6— R SM consists of 6 serial joints with six center
of the motion in projective space (see Fig-3.)sgebolic
approach ofSCA which represent the Pliicker coordinate
vectors in coordinate free manners is the twistepa of
serial connection of kinematic links .1t is idergd as the
join of all the 6-extensors , see Eq.(4) , and des@s :

T=2z02030, 20 g

_ (8)
T=[zzz724%4
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C"z
"

Fig-3: Adopted representation of the axis

4.2 Twist Graph of Wrist-Partitioned 6-R SM

The Twist graph is the graphic representation efltB in
projective space. Each line is represented by imite point
and one point at infinity. The capital letters egant the

points at infinity.Z, and Z, are parallel and intersect each
over onE = D at infinity. See Fig-1(1V) and Fig-4. Eq. (8)
becomes:

T =aBUcDUO fDO hGO hJd hl 9)
The join of these six vectors axis in projectiveasp
representdet(J, ) which rows are the six Pliicker
coordinate lines and similar to the superbracket:

T=[aBcD DG hI hl (10
\
p 7 -\I:” \
\ G ,’\’
\
N B _ ,/y*\' \
\ T

h

Fig-4: Twist graph of wrist partitioned 6-R SMs

5. SINGULARITY ANALYSIS OF WRIST-
PARTTIONED 6-R SM USING GCA

The Serial singularity occurs when the robot losas or

more degree ofl S freedom, then the superbracket equal to
zero.

5.1 Singularity Conditions and Associated Motion
of Wrist-Partitioned 6-R SM

Geometrically singularity arises when the joint ests
which are Plicker coordinate lines are linearly edefent.

det(J, ) Vanishes then Eq.(10) becomes :

T=0

[aB, cD, fD, hG hJ hll=0
This expression can be developed into 24combinatibn
linear monomials. Each of them represents the ptoftr
three brackets of four projective points, 3].The useful
tool, Graphic User Interface, provided by Stéph&ago et

al [17] perform this calculus and gives the singtya
condition:

(11)

[aB, cD, fD, hG hJ hi=

~[aBDH[ cfDA[ GjhL
And then Eq. (12) vanishes when at least one oftlihee
monomials vanish.

(12)

5.2 Interpretation of Singularity Condition in
Grassmann-Cayley Algebra Language

If [aBDH =0 then: aBOhD means h lies either
onaBor aBD .According to the adopted representation
lies on one of:{z,(2%z,),(zz,)} with a particular

caseh [ Z : a shoulder singularity.
If [cfDh] =0 then:cD Ohf or fD Ohc

meandh is either collinear t€D or fD sincez, and z,
are parallel lines and intersect in the projectbgace at
infinity at point D, h must lies on a plane formed % Z

. it is a an elbow singularity, the end effector as the
boundary of the workspace.

And at last if(GJhl] =0 thenhGUOLJ orhJOLG
orhLOGJ , meansz, OLJ orz, LG orz, 0GJ , it

is obvious that we are in wrist singularity congitiand the
last three axeg,, Z;, Z must be parallel to each over: This

condition is impossible to implement practicallyxcept that
the wrist —partitioned design was modified. Twotloé last
three axis must be parallel to each over.

6. CONCLUSIONS

This research presented the singularity configomatof
wrist-partitioned 6-R serial manipulator based dbAGWe
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formulated the twist system by symbolic approach of
Plucker coordinate lines and used an alternativedioate
free method, GCA, to detect the singularity cowditi The
twist graph was obtained by introducing the notidrjoin
and meet operators. Since GCA provided sufficientst to
analyze singularity condition without algebraic mtioate,
this method was implemented in this paper and #salt
provided a single singularity condition which cdn&d
three classes of singularity such as shoulder,welbad
wrist singularity. The analysis of these resultggasted that
the wrist singularity never occurs physically. Sinthe
conceptual design of the wrist has last three axas-
coplanar and intersecting at a unique point, it desuced
that the wrist singularity could be possible if anty if the
design of two of the last three axes are parallel.
However, we recognize the current work was notrelyti
absolute due to the complexity of the topic. The o8GCA
approach to analyze singularity of such robot witho
algebraic coordinate was our contribution. Thessults
may motivate further researchers toward GCA to s
singularity condition of any serial robot. Elsewdé¢ne great
powerful tools used in GCA language are also usaful
robotics vision or image modeling.
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