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Abstract
Determination of mass moments of inertia of airctafring the early stages of design is of greatongnce for the sizing of control
surfaces and the evaluation of the dynamic charaties. In the article are reviewed the problenighe analytic calculation of mass
moments of inertia of an unmanned air vehicle a tonceptual design stage, of their automated detettion with a
CAD/CAMcodeatthedetaileddesignstageandoftheirmeasentafterexperimentalmodelsareproduced.A comparisomade of the

accuracy of the different methods.
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1. INTRODUCTION

In order aircraft to have high maneuverability, guable
stability and control and to alleviate gust loattey should
have low mass moments of inertia about the body-axi
coordinate system [1, 2, 3, 4, 5, 6].The valuethefmoments
increase by the fifth order of the increase of sime of the
aircraft. At the same time their sizes constanthgréase
because of considerations for economic efficienayd a
reduction of environmental foot print.

The determination of mass moments of inertia in dieign
process of aircraft is a difficult problem.At tharky stages of
design, we do not posses the necessary informatien for
their approximate evaluation. We need their valaeghis

stage for choice of an optimal variant, determoratyf control
and stability performance of the aircraft being igesd;

determination of the requirements for the contsatem and
the autopilot. Because of the high degree of uagsy big

number of elements, their complex shape and marngnta

under review, it is extremely difficult to estalblisvith the

necessary fidelity the values of mass momentsetimat this
moment. At these stages, analytical or table methibeht
require a lot of effort to calculate, are used. ther unmanned
air vehicles (UAV), the choice of optimal configtica is

dependent to a great extent on the minimizatiorineftial

moments.

With the contemporary design methods, at the stagfes
preliminary and detailed design, anaccurate 3D mofi¢he
aircraft is created, from which we can obtain th&ies of the
inertial moments with greater precision than with
theanalyticalortablemethods, but it is still noffigient for the
processes of optimization and integration.

At the finishing stages of design, we usually pesse
experimental models that we can use to measurmtimeents
of inertia. This can be accomplished on experimesttads on
earth or during flight tests. Because of the gaiatensions
and mass of aircraft, very big stands are requieed, with
flight test the accuracy is not high enough.

As for the UAVs, most do not have large dimensiand it is

possible to measure their inertial moments on exyartal
stands with the required accuracy.

2. EQUATIONS OF MOTION OF UAV

In the classical mechanics, utilizing the princigé super
position the motion of a body is represented asstitoiting
from a translational and a rotational motion [7].
The translational motion is described by Newtor'sesd law:
F =ma, (1)
And the rotational motion with the Euler’s equation
M = Ia. )
Herel is an inertia matrix, which for the rotational nuois

performs role similar to mass for translational imotand for
that reason is sometimes referred to as angulas.mas

Ixx _Ixy _Ixz
I=|-Lx Ly -1, ©)
_sz _sz Izz
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In order to create the model for the rotational iprotof the
UAV, the values of moments of inertia about bodijsax
coordinate system with an origin at the center agsnof the
aircraft are needed.

Iy

Fig. 1.Body-axis coordinate system with an originat thater
of mass of the aircraft and inertial moments

Therotationalmotionaboutbody-axis coordinate syste#nthe
aircraftis presented as:

Lix@ = Myy;
Ly6 = M,,; (4)
IZZl)Z; = MZZ'

The analysis of the equations reveals that as #iees of
inertial moments are reduced the aircraft will psssigher
maneuverability and agility with constant contrabmments, or
for required maneuverability and agility there Wikt needed
smaller control moments, smaller control planes@ncbntrol
efforts.

3. MASS MOMENTS OF INERTIA OF AIRCRAFT

From the theoretical mechanics it is known thatrtteenent of
inertia of a solid body rotating about a specifiadis is
calculated by the following integral:

Li = [, p(Md()?dV(D). (5)

The aircraft is made up of a great number of parith
different density, as well as large hollow partkedi with air.
When flying at different heights the density of thie varies
and so does the value of the inertial moment. Bssitiat it
depends on the changes in the mass of the payaoddts
position, as well as the remaining quantity of faeld its
distribution in the tanks.

During the conceptual design we can make the adsomp
that the variants that meet the requirements toatt@aft at
maximum take off mass will be satisfactory at otfieght
conditions.

At this early stage of design we have very litidormation
about the masses of the parts and their positi@pate, so it
is appropriate to use approximate analytical depeciés and
statistical data for the determination of momeritgertia for
each variant. At the preliminary design stage iapgpropriate
to use for the calculation of the moments of irettie 3D
CAD model of the base variant. At the detailed gesstage
except with the full SDCAD model the moments ofrireeare
determined experimentally through laboratory aighfltests.

In [7] is described the analytical determinatiornedments of
inertia at the conceptual and preliminary desigmeas. At the
detailed design stage with the availability of 3 ®DCAD
model the moments of inertia are determined auticaibt by
the software with a built-in numerical code. Aftem
experimental model is made the moments might bdiear
through laboratory tests.

4. METHODS FOR THE DETERMINATION OF
MASS MOMENTS OF INERTIA
4.1 Analytical Methods

During the conceptual design of aircraft with angd wing
approximate values for the masses of the basicesiessrand
their disposition are assumed for each variantgedviewed.
The moment of inertia abouaxis of the body-axis coordinate
system is calculated using the formulae based oygéhs—
Steiner’sparallel axis theorem:

Ly = 1'l=1 Ix]- (6)

Ly, = Ielxxj +myr? . @

In an analogous way are calculated the momentatia
about the other axis of the coordinate system.igt 2 an
example break-up of an UAV to elements for the
determination of inertial moments during the corocap
design is shown and in Table are given the valfiesaments

of inertia of the elements of a particular variahan UAV.

Y

Fig 2 Elements of joined wing aircraft for analytical
calculations of moments of inertia
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The results from analytical calculations of momeotténertia
are given in table 1 and table 2.

Table 1

No.| X Y zZ I'x Iy Iy m mry m.rnvz m.r,’
m m m m m kg kg.m2 kg.m2 kg.mz
1] 0,106 0] 0,142 0,142]  0,1772 0,106 3,712 0,07485| 0,11656| 0,04171
2| 0,102 0,443] 0,078 0,44981] 0,12841] 0.45459] 0.41] 0,08296] 0,00676] 0,08473
3 -0,08 0,9 -0,29| 0,94557| 0,30083| 0,90355| 0,032] 0,02861] 0,0029| 0,02612
4| -0,702| 0,443| -0,418| 0,60908 0,81702| 0,83009| 0,41] 0,1521| 0,27369| 0,28251
5| -0,702| -0,443| -0,418| 0,60908 0,81702| 0,83009| 0,41] 0,1521| 0,27369| 0,28251
6/ -0,08 -09 -0,29| 0,94557| 0,30083] 0,90355| 0,032 0,02861| 0,0029| 0,02612
7] 0,102] -0,443| 0,078 0,44981 0,12841| 0,45459| 0,41 0,08296| 0,00676| 0,08473
8 -0,075 0] -0,065 0,065 0,09925 0,075] 1,56 0,00659| 0,01537 0,00878
Sum| 6,976] 0,60877| 0,69861] 0,83721

Table 2

No| Taw | oy | T | Moy’ | mry® | mr, | I I L,
kg.m® | kg.m’ | kg.m’| kg.m’ kg.m’ kg.m’ kg.m’ kg.m’ kg.m’
1| 0,216/ 0,24| 0,142| 0,07485| 0,11656] 0,04171| 0,29085| 0,35656| 0,18371
2| 0,102] 0,083| 0,078 0,08296| 0,00676| 0,08473| 0,18496| 0,08976| 0,16273
3| 0,08 0,01] 0,02 0,02861] 0,0029| 0,02612] 0,10861| 0,0129| 0,04612
4] 0,102 0,083| 0,118 0,1521| 0,27369| 0,28251| 0,2541] 0,35669| 0,40051
5| 0,102] 0,083] 0,118  0,1521| 0,27369| 0,28251] 0,2541| 0,35669| 0,40051
6] 0,08 0,01 0,02 002861 0,0029] 0,02612] 0,10861] 0,0129| 0,04612
7| 0,102] 0,083] 0,078 0,08296| 0,00676| 0,08473| 0,18496| 0,08976| 0,16273
8] 0,075 0,163| 0,065 0,00659| 0,01537| 0,00878 0,08159| 0,17837| 0,07378
Moment of inetria of UAV| 1,46777| 1,45361| 1,47621

4.2 Numerical Methods

At the detailed design stage when a CAD/CAM sysiensed
a full three dimensional model of the aircraft ieated. This
model contains information about the volumes antsidies of
all elements and their position which allows by rmruicel
integration of (5) and applying the Huygens—Stemparallel
axis theorem to calculate the inertial moments &% Wvith

great precision. In this case, in order to achidwngher
accuracy, it is necessary the density of hollowurdds to
equal that of the air.

4.3 Experimental Methods

Laboratory methods for experimental determinatiémrmass
moments of inertia of aircraft are based on thedpkmm
principle. The aircraft is oscillating about an sxhat is not
passing through its center of mass and is paral¢he axis
about which we want to measure the moment of meiithe
mathematical model of a pendulum for small-angle
oscillations in vacuum (without air resistance)dsscribed
with the following equation [8]:

d2e _
IS+ b8 = 0. (8)

Solvingthisequationweobtaintheperiodofoscillatioddu@mom
entofinertia:

b =mgl 9)

2
=77 (20)
_ TZ_b __ T?mgl
I'= 4n2 ~ 4m? (11)
__ T?mgl _ 2
Ieg. = T ml (12)

The mass of the object under examination is detexdchiby
weighting. The weightW, measured in a laboratory with
spring scales gives the net weight of the objentoBject with
massm and volumeV, immersed in the atmosphere, is acted
upon by two forces — gravity and aerostatic [7]:

m= %+ pV. (13)

In order to determine the mass of the object bedide weight
we need to know its volume, the air density (or@essure
and temperature) at the moment of the measurenmehthe
gravity acceleration.At the early stages of desiga can
supply only the approximate volume, which we cafingde
more accurately at each of the next stages.

While moving through the air the oscillating padisg with
them a volume of air and this can be accountedbyoadding
the mass of the air that is carried with them teirttmass.
Thisadditionalmasswill depend on the resistance libdy
faces while moving through the air. If the densitly the
measured body is high, this additional mass i$yfaimall and
might be ignored, but this is not the case wittcraift. The
value of this mass depends on the wings aspect ratinore
detailed description how to calculate this masgiigen in
[8]. Then:

meff=m+ma=%+pV+ma, (14)

Wherem,, is the aircraft's mass and is the additional mass,
corresponding to the influence of the dragged laipractice
the motion of the pendulum will be slowed by thitfon,
which is not accounted for in the idealized casée T
experimentally measured period of oscillations Wil longer
than the one calculated by the above equationkelflecrease
in the amplitude of the oscillations is less thdfhOlof the
initial amplitude, the error due the environmentesistance
will be below 0,02% and might not be accounted for.
Equations (10) and (11), describing the motion bé t
pendulum in vacuum are applicable for pendulumliagicig

in air, but in this casé and m refer to virtual values of the
moment of inertia and mass of pendulum. The diffees
between these values are due to the following pinena:
flotation of the structure, the entrapped air ane &ffect of
added mass.
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The real mass of the structure of a pendulum agicity in the
atmosphere will be:

mg =

@ |

+Vip, (15)

The real mass of the structure, together with titeapped air,
will be:

m=—+Vp+{-Vp, (16)

@[S

Or

m= % + Vp. a7
The object drags some of the surrounding air wighmiotion.
In [9] it is accepted, that the influence of thaglyed air might
be accounted for by the addition of a complementaoynent
of inertia to the moment of inertia of the object:

Iy + myl?; (18)
Wherel ;the complementary moment of inertia about the mass
is center andm, is the complementary mass. For physical

pendulum, wherdy, is the virtual moment of inertia about the
center of mass:

T?ml

IV=IS+IE+IA=F—(m+Vp+mA)lz (19)
The unknowns in (19) ardy, and (Vp +m,) could be
determined through swinging at two different lersgthf the
pendulum.

The real moment of inertif; about an axis, passing through
its center of mass, will be composed of four eletsiefhe first
one will bdg, representing the moment of inertia of the
structure. These condone will e representing the moment
of inertia of the entrapped air the third one wié I,,
representing the moment of inertia of the adjoineaks air.
The fourth one will bE;, representing the moment of inertia
of the swimming gear [8]:

2
li=" = I+ g+ I+ g (20)
2m't!

472

I = (21)

4.3.1 Physical Pendulum Method

For the physical pendulum the pivot axis is hortabrand
passes through the suspension points, but not ghrdhe
pendulum’s center of mass.The characteristic cah$ta this
pendulum and its moment of inertia will be as folo

b =mgl; (22)

T2mgl
4m2

| =

(23)

For the physical pendulum the moment of inertiaugban
axis passing through the center of mass is expielsgethe
equation:

T?mgl
472

I= mi? (24)

4.3.2 Torsion Pendulum Method

For bifilar Torsional pendulum with twin threadsetlaxis of
oscillation is vertical, passes through the ceofanass of the
system between the threads. The characteristictarun$or
this pendulum and its moment of inertia will befafows:

2
b="0% (25)
T?mgA?
= 16m21 (26)

Where:
Ais the distance between the vertical threads;
lis the length of the vertical threads.

In this case the equations (25) and (26) mightxpaeded to
the following form:

T?mgA?
16m2l *

IV=IS+IE+IA= (27)

4.3.3 Descending Weight Method

This method is useful for determining the momeritiertia
of rotational bodies, and the aircraft do not bgldo this
variety. For this reason we do not include it apassible
method for experimental determination of the mormeot
inertia of joined-wing UAV.

4.3.4 Choice of a Method for the Experimental
Determination of Mass Moments of Inertia of A
Joined-Wing UAV

From the above-mentioned methods we consider thst mo
appropriate method for the experimental determimatof
mass moments of inertia of a joined-wing UAV to the
physical pendulum, due to the small oscillatioroedl, which
diminishes the errors caused by the air resistance.

4.3.5 Determination of Mass Moments of Inertia of a
Joined-Wing UAV by Flight Tests.

With functioning test models available, the momesftmertia
might be determined with flight tests, by applyistandard
deflections of control planes and by measuring reailting
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angle velocities and accelerations about the diffeaxis, the
moments of inertia can be calculated. Becauseefdbt that
these measurements will be subjected to interferenmm
environmental factors that must be accounted fa, shall
leave this for our future work and out of the scaygethe
current article.

5. EXPERIMENTAL RESULTS
5.1 Experimental Stand for the determination of

Mass Moments of Inertia of A Joined-Wing UAV

In the UAV laboratory of Technical University—SaqfiBranch
Plovdiv is setup an experimental stand for deteatndm of
moments of inertia fig. 3.The physical pendulum moet is
used [8]. With the addition of supplementary piviits torsion
pendulum method is applied.

Fig 3: .[Experimental determination of the moments of irerti

For the determination of the moments of inertia wbihe
body-axis coordinate system three series of measmts
were performed applying the physical pendulum metfide
time for 50 oscillation cycles (100 passes throaghilibrium
point) and the mean value was calculated. The ro&ske
UAV with the cradle is 7.480 kg., and that of thradie alone
0.504 kg.

5.1.1 Measurement of Ixx

The measurement of the moment of inertia abouktheis is

performed with the fixture shown on fig. 4. The maad
moment of inertia in this case is 0.384kg.Athe distance
from the pivot axis to the center of mass of theVidfadle

combination is 2.36 m. The measured time for oradllason

is 3,243 s. The calculated moment of inégiaf the UAV is

1.496 kg.m.

Fig. 4 Experimental fixture for the measuremeritof

5.1.2 Measurement of ),

The measurement of the moment of inertia aboutvthgis is
performed with the fixture shown on fig. 5. The meed
moment of inertia in this case is0.384 kg.fMhe measured
moment of inertia in this case is 0.384kg.Athe distance
from the pivot axis to the center of mass of the\idfadle
combination is2.36 m. The measured time for onéllason
is 3,223 s. The calculated moment of inelfigof the UAV1,
473 kg.m.

o o

Fig. 5 Experimental fixture for the measuremenit,pf

5.1.3. Measurement of },

The measurement of the moment of inertia abouZthgis is
performed with the fixture shown on fig. 6.The measl
moment of inertia in this case is 0.396 kg.fhe distance
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from the pivot axis to the center of mass of the\idfadle
combination is2.48 m The measured time for onellation is
3,263 s. The calculated moment of ineitjaof the UAV e
1.486 kg.m.

Fig. 6 Experimental fixture for the measuremenit,of

6. METHODOLOGY FOR THE DETERMINATION
OF MASS MOMENTS OF INERTIA OF A JOINED
WING UAV

On the ground of the investigations described is fgaper, a
methodology for the determination of mass momehtsestia
of a joined-wing UAV for each stage of design isated. The
methodology applies the following algorithm.

At the conceptual design stage for each varianttbments of
inertia are approximately estimated using equafjpnThe

results are applied for the base variants eledfiwough the
means of optimization and analysis of basic chergstics.

At the preliminary design stage an initial 3D modélthe

UAV is generated, with the help of which more pseci
moments of inertia are calculated.

At the detailed design stage, experimentally, apglythe
physical or torsion pendulum methods, the momehisestia
of the various elements of UAV are measured anit Bi@
models are corrected using the experimental resilte
complete 3D model created using contemporary CADACA
software provides with sufficient accuracy the ealwf the
moments of inertia of a joined-wing UAV.

After the construction of test articles applyinge tphhysical
pendulum method the moments of inertia are measamddf
necessary, the results from the previous stagafesifyjn are
corrected.

CONCLUSIONS

An analytical model for the approximate calculatiar

moments of inertia at the conceptual design stagedposed.
The model might be applied for the comparative eat@dn of
the variants under review.

A complete 3D model of a joined-wing UAV is consired
and results of higher fidelity for the values of mments of
inertia than the analytical model are obtained.

A stand for the experimental determination of motaeof
inertia of UAV is developed and constructed. A tesdel of
a joined-wing UAV is constructed and its momentsnaftia
are experimentally determined.

Moments of inertidy andl,,of a joined-wing aircraft will be
several times less than those of an equivalentadiratilizing

a more conventional configuration as normal, flyimong or

canard. This is due to the fact that with the jdiméng the
span and mass are smaller. As a result smaller amdl
direction control surfaces will be needed and thquired
power of the control mechanisms will be less, tttza ones
needed to achieve comparative performance withradirof

other configurations.

The moment of inertid,, of a joined-wing aircraft will be
greater than the equivalent moment of analogousradir
because of the big distance between the centeras$ of the
front and rear wings to the center of mass of iheaft The
bigger pitch control surfaces and the possibildy direct lift
control, that can be realized with the joined-wing
configuration might provide equivalent or even eéett
performance than that of equivalent aircraft of eoth
configurations.

FUTUREWORK

As a future study the moments of inertia of a jdiwéng
UAV will be determined with flight tests. The rewuthat will
be obtained will be analyzed and compared with @hes
delivered by the described in part 6methodologypiider to
evaluate its fidelity.
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NOMENCLATURE

0,,, -body-axis coordinate system with an origat the
center of mass of the aircraftadius vector of a body point;

p(r)-density of the body at a point;

d(r)-distance of the point to the axis;

dV(r)-elementary volume at a point;

b-characteristic constant, depending on the typee sind
weight of a pendulum;

g-angular displacement of the pendulum;

@ —Angular acceleration of body around the a&xis

6 —Angular acceleration of body around the gixis

1 —Angular acceleration of body around the axis

a — angular velocity vector of the body;

g —earth gravity acceleration;

I-matrix of moment of inertia of body;

Is-mass moment of inertia of the structure of the miess
body;

Iz-mass moment of inertia of the air, entrapped in the
measured body;

I,-mass moment of inertia of the air, dragged by tbdyb
during the experiment;

I;-mass moment of inertia of the cradle of the staod f
measuring inertial moments;

Iz -mass moment of inertia of a body about axis of
oscillation crossing through its center of mass;

I..-mass moment of inertia of a body about axis oflaticin
xcrossing through its center of mass;

I;-moment of inertia of the j., element of aircraft

aboukaxis;
I, —moment of inertia of they, element of aircraft about
J

X;, axis through the center of mass of the element;
I,,-mass moment of inertia of a body about axis ofli@dicin
y crossing through its center of mass;

I,,-mass moment of inertia of a body about axis ofliadigin
zcrossing through its center of mass;

m—mass of thej_i, element;

ri— distance from the centre of mass of fheelement of
aircraft toxaxis;

| — distance from the axis of oscillation xaxis of the body-
cradle system;

I'- distance from the axis of oscillation xaxis of the body-
cradle system during thieh experimenti=1, 2, 3;

m —mass of body;

m,— adjoined mass of the air, dragged by the body;

T —period of oscillation of the body-cradle system;

V —body volume, filled with air;

p —density of the air during the experiment;

W — weight of the aircraft;

W —weight of the cradle;

UAV — unmanned air vehicle;
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