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Abstract
In this paper, the ELzaki transform homotopy pdsation method (ETHPM) has been successfully applietbtain the approximate
analytical solution of the nonlinear homogeneoud ann-homogeneous gas dynamics equations. The ggdpuethod is an elegant
combination of the new integral transform “ELzakamsform” and the homotopy perturbation method. Tethod is really capable
of reducing the size of the computational work desibeing effective and convenient for solvingineal equations. The proposed
iterative scheme finds the solution without anycidiszation, linearization or restrictive assumpito A clear advantage of this
technique over the decomposition method is thatahzulation of Adomian’s polynomials is needed.
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1. INTRODUCTION

In recent years, many research workers have ptedtin to
find the solution of nonlinear differential equat®by using
various methods. Among these are the Adomian
decomposition method [Hashim, Noorani, Ahmed. Bakar
Ismail and Zakaria, (2006)], the tanh method, tobenbtopy
perturbation method [ Sweilam, Khader (2009), Steand
Giriraj Methi (2011), Jafari, Aminataei (2010), @0 ], the
differential transform method [(2008)], homotopyrtpebation
transform method and the variational iteration rodth
Various ways have been proposed recently to ddéal thiese
nonlinearities; one of these combinations is ELZeknsform
and homotopy perturbation method. ELzaki transfasma
useful technique for solving linear differentialuagjons but
this transform is totally incapable of handling hoear
equations [6, 7] because of the difficulties thied eaused by
the nonlinear terms. This paper is using homotopy
perturbation method to decompose the nonlinear,teonthat
the solution can be obtained by iteration proceddreis
means that we can use both ELzaki transform andotapy
perturbation methods to solve many nonlinear probleThe
main aim of this paper is to consider the effectass of the
Elzaki transform homotopy perturbation method irvisg
nonlinear gas dynamics equation. This method pesvithe
solution in a rapid convergent series which mayd¢ethe
solution in a closed form. The fact that the praabtechnique
solves nonlinear problems without using so-calletbrian's
polynomials is a clear advantage of this algoritbwer the
decomposition method.

Gas dynamics is a science in the branch of fluidadyics
concerned with studying the motion of gases andffects on
physical systems, based on the principles of flaiechanics
and thermodynamics. The science arises from thdiestlof
gas flows, often around or within physical bodis®me
examples of these studies include but not limiedhoked
flows in nozzles and valves, shock waves around, jet
aerodynamic heating on atmospheric reentry vehicled
flows of gas fuel within a jet engine

The equations of gas dynamics [4] are mathematical
expressions based on the physical laws of consenvat
namely, the laws of conservation of mass, consienvabf
momentum, conservation of energy, and so forth. The
nonlinear equations of ideal gas dynamics are egiglé for
three types of nonlinear waves like shock frorase rfactions,
and contact discontinuities. Different types of ghsamics
equations in physics have been solved by EvansBardt
[2002], Polyanin and Zaitsev [2004], Elizarova, atafet
al.[2009], Hossein Aminikhah, Ali Jamalian [2013jcdAmes,

by applying various kinds of analytical and numakic
methods.

In this paper, we obtained the solution of gas dyica
equation by using a new method called as ELzakisfam
homotopy perturbation method. We obtain an analitic
approximation to the solution of the nonlinear ghmamic
equation using ETHPM. The gas dynamics equatiora as
nonlinear model is as follows [4]
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The present paper discusses the analytical appad&im
solution of the nonlinear gas dynamic equation.

2. ELZAKI TRANSFORM HOMOTOPY
PERTURBATION METHOD [6]
Consider a general nonlinear non-homogenous partial

differential equation with initial conditions ofetform:

Du(x,t) + Ru(x,t) + Nu(x,t) = g(x,t) 2
u(x,0) = h(x) , u (%, 0) = f(x)

whereD is linear differential operator of order twR,is linear
differential operator of less order thEn, N is the general
nonlinear differential operator agdx, t) is the source term.
Taking ELzaki transform on both sides of equatid) (o get:
E[Du(x, ] + E[Ru(x, )] + E[Nu(x, 0] = E[g(x, 0]  (3)

Using the differentiation property of ELzaki traosh and
above initial conditions, we have:

Elu(x, )] = v2E[g(x,1)] + v?h(x) + v3f(x)
— v2E[Ru(x,t) + Nu(x, t)] %)

Applying the inverse ELzaki transform on both sidek
equation (4), to find:

u(x,t) = G(x,t) — E"Y{v2E[Ru(x,t) + Nu(x, )]} (5)

whereG(x, t) represents the term arising from the source term
and the prescribed initial condition.

Now, we apply the homotopy perturbation method,

UKD = ) phuy(6 ) ©)
n=0

and the nonlinear term can be decomposed as

N[ux 0] = )" p"Ha(w ™
n=0

whereH, (u) are He’s polynomial and given by

Substituting equations (6) and (7) in equation {,get:
> phuax t) = G(x 0 -
n=0

p{E-l Rzp“un(x,t)+zp“Hn(u)} ©
n=0 n=0

This is the coupling of the ELzaki transform ande th
homotopy perturbation method. Comparing the coieffitcof
like powers of , the following approximations are obtained.

v2E

p%up(xt) = G(x,t)
ptiuy(x,t) = —E"H{v2E[Ruy(x,t) + Ho(w]}
p%u,(x,t) = —E"H{v?E[Ru, (x,t) + H; (w)]}
p3:us(xt) = —E"H{v2E[Ru,(x,t) + Hy(w)]}
Then the solution is

u(x,t) = limu,(x,t)
p-1

=up(xt) +u;(x0) +Fuy(xt) + .. (10)

3. APPLICATIONS

In this section, the effectiveness and the useésireé ELzaki
transform homotopy perturbation method (ETHPM) are
demonstrated by finding exact solutions of homogeseand
nonhomogeneous nonlinear gas dynamics equations.

Example 3.1 Consider the nonlinear gas dynamic equation

M —w=o0 1
ot TUax W TWED (11

with the following initial condition

u(x,0) =e™*, (12)
By applying ELzaki transform on both side of eqaat{11)

E[au]_E[ 5 du 13
773 il A (13)

Using differential properties of ELzaki transforiy. (13) can
be written as

1 d
1 9n 2 ;E[u(x, t)] —vu(x,0) = E [u —u? - ua—: (14)
H,(ug, Uyg, e evsy Up) = Eapn [N (Z p’ui>] )
i=0 p=0
n=012...... (8)
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Using initial condition (12), Eq. (14) can be weittas

Jdu
Elu(x, )] = v?e™™ + vE [u —u? - uss (15)

Taking inverse ELzaki transform on both sides of @&), we
get

ou
u(x,t) =e*+E™! {vE[u—u2 —uo- } (16)

Now we apply the homotopy perturbation method,
u(x,t) = z p"u, (%, t) a7
n=0
and the nonlinear term can be decomposed as
N[u(x 0] = )" p"Hy(w) (18)
n=0

Using Egs. (17)- (18) into Eqg. (16), we get

D PGt =
n=0

e X+ pE™! [v E [Z pu, (x,t) — Z p"H, (u)
n=0 n=0

whereH,(u) are He's polynomials. The first three
components of He's polynomials are given by

] (19)

du,

Ho(uw) = u} +up—;
o(w) Up T Ug P

duy du,
H,(w) = 2ugyu, + UOE"‘ ulg ;

du, du, du,

H,(u) = 2ugu, +uog+u1g+uzg+uf;

Comparing the coefficient of various power of p(i®), we
get

p%up(x,t) = e’

ph u(xt) = ETY{v E[u, — Ho(w]}
du,
=E'1{VE[u0—u§—u0 }ze‘xt,

ox

p*: uy(x,t) = ETY{vE[u; — H; (W]}

_u%_u%}
Ozax 1 ax

t
=E YvE[e*t]} = e‘XE,

=E1! {V E [ul - 2uyuy

p*: uz(x,t) = ETY{vE[u, — Hy(W]}

ou du
=E1! {v E [uz — 2ugu, 2 !

U —2 g, —2
30 0x b ox
du, ]} t
2 —X
— U, ——uj|(=e "=,
Zox ! 3!
Proceeding in similar manner we can obtain furtizues,
t4
4, — A~ X__
p*: u(xt)=e L

tS

p5: HS(X't) = e_Xa

substituting above values in equation (10), wesgdtition in
the form of a series

u(x,t) = ug(x,t) +u;(x,t) + uy(x,t) + ...

t? t3 t* t>
— a—X —X -X __ -X __ -X_ X __
=e " t+ett+e 2!+e 3!+e 4!+e 5!+
2 3 t4— t5
— —X - i - i —_ t—x
=e <1+t+2!+3!+4!+5!+ >—e ,(20)

This is the solution of (11) and which is exacthe texact
solution of the problem [2, 3, 4, 5]. Figure 1 slsotlve graph
ofu=e™,t>0and 0<x < 1.

Fig-1: Graphofu =e*™™,t >0and 0 < x < 1.
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Example 3.2 Consider the following nonhomogeneous

nonlinear gas dynamic equation
—+u——u(l—u) =—e"% (21)
X
with the following initial condition

u(x,0)=1—e™* (22)

By applying ELzaki transform on both side of eqoat(21)
E [6u] = E[ 2 au] E[et™ 23
o) = E[u-w—ugs [e"™] (23)

Using properties of ELzaki transform, we have

L Efu(x 9] - vu(x, 0) = Blu-w il
- [u(x, t)] — vu(x, =Elu—u’—u|-e™ —
(24)

Using initial condition (22), Eq. (24) can be weittas

Elu(x,t)] =
21— &™)+ vE[u— v’ il I 25
% e VElu—u®—u I ve 1= (25)

Taking inverse ELzaki transform on both sides of %), we
get

ou v3
u(x,t) = (1 —e™*)+E1{vE [u —uw?—u—|—-e*
dx 1-v

Since

v3 v?
E-? {e'x = v} =e*E! {1 " vz} =e*(et - 1),

Therefore, we get

u(x, t) =
du
(1—e™+E? {VE [u —u? - us } —eX(et—1)
(26)
Now we apply the homotopy perturbation method,
u(x,t) = Z p u, (%, 1) 27)
n=0

and the nonlinear term can be decomposed as

N[u(x 0] = )" p"Hy (W (28)
n=0

Using Egs. (27)- (28) into Eq. (26), we get

Z ptu,(x,t) =
n=0

(1—e") +pE™! {v E[ phu,(x,t) — ann(u)]}

whereH, (u) are He's polynomials. The first three
components of He's polynomials are given by

(29)

du

Ho(w) = u% + UOE ;

du,

du,
H;(u) = 2ugpu, + UOE + ulg ;

du, du, du,

H,(u) = 2uguy + g5 FUr 5+ Uyt Uz e

Comparing the coefficient of various power of p(ir®), we
get

p%ug(x,t) =1 —etX,

p': uy(xt) = E7H{v E[us — Ho(w)]} s
= E'l{vE[uo —u? —uO% }
=EYvE[(1—-e"™) — (1 —e")2 — (1 —et™¥)et ]}
— By E[0]} = O,

Proceeding in similar manner we can obtain furttaues,
p%: u(x,t) =0,
p3:uz;(x,t) =0, ...

substituting above values in equation (10), wesgédtition in
the form of a series

u(x,t) = ue(x,t) +u (x,t) +uy(x,t) + ...
uxt)=1-e")+0+0+0 ..=1—etX
This is the solution of (21) and which is exacthe texact

solution of the problem [2, 3, 4, 5]. Figure 2 slsotlve graph
ofu=1—-e™,t>0and 0 <x < 1.

Volume: 02 Issue: 12 | Dec-2013, Available @ http://www.ijret.org 263




IJRET: International Journal of Research in Engineering and Technology

el SSN: 2319-1163 | pl SSN: 2321-7308

(4]

(5]

(6]

[7]
Fig-2: Graphofu=1—-e"*,t>0and 0 < x < 1.

CONCLUSIONS

The main goal of this paper is to show the applitglof the
mixture of new integral transform “ELzaki transfdriwith
the homotopy perturbation method to construct aalysical
solution for gas dynamics equation. This combimatd two
methods successfully worked to give very reliable axact
solutions to the equation. This method providesaaalytical
approximation in a rapidly convergent sequence with
exclusive manner computed terms. Its rapid converge
shows that the method is trustworthy and introduees
significant improvement in solving nonlinear pdrtia
differential equations over existing methods.

(8]
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