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Abstract

In this paper, we apply a new method called EL#a@kisform homotopy perturbation method (ETHPM)dtve porous medium
equation. This method is a combination of the n#egiral transform “ELzaki transform” and the hometoperturbation method.
The nonlinear term can be easily handled by homofmturbation method. The porous medium equati@g importance in
engineering and sciences and constitute a good hfodenany systems in various fields. Some casdbeoporous medium
equation are solved as examples to illustrate gbaind reliability of mixture of ELzaki transforrnéd homotopy perturbation
method. The results reveal that the combinatiorEbtaki transform and homotopy perturbation methedquite capable,
practically well appropriate for use in such probie and can be applied to other nonlinear problefiss method is seen as a
better alternative method to some existing techesdor such realistic problems.
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1. INTRODUCTION

Many of the physical phenomena and processes iougr
fields of engineering and science are governed dnyigh
differential equations. The nonlinear heat equation
describing various physical phenomena called theuym
medium equation. The porous medium equation [3] is

6u_6(m6u) 1
ot ox\" ox 1)

where m is a rational number. There are numbehg$ipal
applications where this simple model appears iratral
way, mainly to describe processes involving flla, heat
transfer or diffusion. May be the best known ofnthis the
description of the flow of an isentropic gas thrbwgporous
medium, modeled independently by Leibenzon and sk
around 1930. Also application is found in the stuafy
groundwater infiltration by Boussisnesq in 1903.ofwer
important application refers to heat radiation ilasmas,
developed by Zel'dovich and coworkers around 19%9Dof
these reasons support the interest of its studly fmt the
mathematician and the scientist.

In recent years, many research workers have ptadtiain

to find the solution of nonlinear differential edioas by
using various methods. Among these are the Adomian
decomposition method [Hashim, Noorani, Ahmed. Bakar
Ismail and Zakaria, (2006)], the tanh method, tbmbtopy
perturbation method [ Sweilam, Khader (2009), Stzaamd
Giriraj Methi (2011), Jafari, Aminataei (2010), (0 ], the

differential  transform method [(2008)], homotopy
perturbation transform method and the variatiotexation
method. Various ways have been proposed recenttieab
with these nonlinearities; one of these combinatias
ELzaki transform and homotopy perturbation method.
ELzaki transform is a useful technique for solvilirgear
differential equations but this transform is tofathcapable
of handling nonlinear equations [4] because of the
difficulties that are caused by the nonlinear termhis
paper is using homotopy perturbation method to oigpose
the nonlinear term, so that the solution can baiobt by
iteration procedure. This means that we can ude Bbraki
transform and homotopy perturbation methods to esolv
many nonlinear problems. The main aim of this pagdo
consider the effectiveness of the Elzaki transfoomotopy
perturbation method in solving nonlinear porous mmed
equations. This method provides the solution inapid
convergent series which may leads the solution @foaed
form. The fact that the proposed technique solves naaline
problems without using so-called Adomian's polyramis

a clear advantage of this algorithm over the deasitipn
method.

2.  ELZAKI TRANSFORM
PERTURBATION METHOD [4]

Consider a general nonlinear non-homogenous partial
differential equation with initial conditions ofeétform:
Du(x,t) + Ru(x,t) + Nu(x,t) = g(x,t) (2)
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u(x,0) = h(x) , u,(x,0) = f(x)
where D is linear differential operator of order tw®, is
linear differential operator of less order tHan N is the
general nonlinear differential operator agdx,t) is the
source term.

Taking ELzaki transform on both sides of equatig@h (o
get:
E[Du(x,t)] + E[Ru(x,t)] + E[Nu(x,t)] = E[g(x,t)] 3)

Using the differentiation property of ELzaki traosh and
above initial conditions, we have:
Elu(x, )] = v2E[g(x, )] + v?h(x) + v3f(x)

— v2E[Ru(x,t) + Nu(x, t)] 4)
Applying the inverse ELzaki transform on both sidas
equation (4), to find:
u(x,t) = G(x,t) — E"Y{vZE[Ru(x,t) + Nu(x, )]} (5)

where G(x,t) represents the term arising from the source

term and the prescribed initial condition.
Now, we apply the homotopy perturbation method,

u(e ) = Z P, ) ©)
and the nonlmear term can be decomposed as
N[uGx, 0] = Z p"Ha () @

whereH,, (u) are He’s polynomial and given by

1o [ (O
N zpui )
i=0 =0

H,(ug, Ug, e eeeey Up) = —
p

n! gp®
n=012...... (8)
Substituting equations (6) and (7) in equation @ ,get:

D P ) = G 1) -
| o

n=0
p {E‘l

This is the coupling of the ELzaki transform ande th
homotopy perturbation method. Comparing the coieffic
of like powers ob , the following approximations are
obtained.

P’ ug(x,t) = G(x,t)

pl: ul(Xl t) = _E_I{VZE[RUO(XJ t) + HO(u)]}

p*:up(x,t) = —E7{v?E[Ru, (x,t) + H; (W]}

p*us(x,t) = —E” I{V E[RUZ(X t) + Hz(u)]}

"Hy (u)

Then the squt|on is
u(x, t) = lm} u,(x,t)
p—)

=uy(x,t) +u (x,0) +uy(x,t) + ... (10)
3. APPLICATIONS
Now, we consider in this section the effectivenetshe
ELzaki transform homotopy-perturbation method tdaob
the exact and approximate analytical solution ef plorous
medium equations.
Example 3.1 Let us taken = —1 in equation (1), we get

du 0 1 1
ot aX( )— (11)

with initial condition asu(x, 0) = =.

Exact solution [1] of this equation igx,t) = (c;x — ¢t +
c,)”! with the values of arbitrary constants taken as
¢; = 1and c, = 0 solution becomes(x,t) = ﬁ

We can find solution by applying ELzaki transform looth
side of equation (11) subject to the initial coiulit

E[au] Y %u <6u>2 .
Fril (u )aXZ (u )ax (12)
This can be written as

%E[u(x, t)] — vu(x, 0)

_,,0%u
=EI5E -

e (G)] e
Jx

On applying the above specified initial conditiarg get

E[u(x, t)] = v? 1 +vVvE [(u_l) aZ_u - (U™ (6_u)2] (14)
’ X ox2 ox

Taking inverse ELzaki transform on both sides of 8dt),

we get

2 2
u(x t) = % +E1 {V E [(u_l) 27121 — (U™ (%) ]} (15)

Now we apply the homotopy perturbation method,

uGe D = ) pluy(x ) (16)
=0

and the nrenlinear term can be decomposed as

N[uG, O] = ) pHy(u) (7

n=0
Using Egs. (16)- (17) into Eq. (15), we get
[ee) 1 [oe]
n — -1 n
Zop Un(x, ) = =+ pE {vE[Zﬂp Ha (1) } (18)

whereH,(u) are He's polynomials. The first two
components of He's ponnomiaIs are given by

dug\”
Ho(W) = (ug i) (52)
uy 0%u, 62ul)

Ug 9xZ 2
dug 6ul)

—(u0)< 0(%) +2————

6
Hy(w) = (ug 1)(

ox 0x

Comparing the coefficient of various power of p(18), we
get

1
P’ uy(x, ) ==

Lt = B 1{V E[H, (w1}
—p-1 -1 9%ug -2 duo ’
—F {E[( 7~ 00 (5) ]}
_*t
==
p*: up(x,t) = E7Hv E[Hl(l;)]} ,
- {VE [(ugl) (_ u, d%u, 0 ul)

u, 0x? = 0x?

- (22 (50) +

) du, duy
Jx 0x
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tZ
=
Proceeding in similar manner we can obtain furtraues,
substituting above values in equation (10), we sgdtition
in the form of a series
I 1

1 t
u(xt)——+—+X—3+X—4 ...... :ﬁ (19)

This is the solution of (11) and which is exacthe texact
solution given above.
Example 3.2 Let us taken = 1 in equation (1), we get

du _ a ( 6u) 20
ot ox\"ox/)’ (20)
with initial condition asu(x, 0) = x.

Exact solution [1] of this equation isi(x,t) =x+

(cq + c)t with the values of arbitrary constants taken as
¢, = 1and c, = 0 solution becomes(x,t) = x + t.

we can find solution by applying ELzaki transform looth
side of equation (20)

ou 9%u  /ou\?
|5 =F “ﬁ*(&)] 1)
This can be written as
lE[u(x t)] —vu(x,0) = E[ o’u + (6_u)2] (22)
axz ' \ox

On applying the above specified initial conditiare get

0%u Auy’
[u(xt)]—vx+VE[ ( )] (23)

0x2 \0x
Taking inverse ELzaki transform on both sides of &8),
we get

B %u  sou\’
u(x,t) =x+E1{VE uﬁ+(ax> (24)
Now we apply the homotopy perturbation method,
u(x,t) = Z p u, (X, t) (25)
and the nonllnear term can be decomposed as
N[uGx, 0] = Z p"Ha () (26)
=0
Invoking Eqsr.1 (25)- (26) into Eq. (24), we get
Z p"uy(x,t) = x + pE™* {V E [z p"Hy (w) } (27)
n=0 n=0

whereH, (w)are He's polynomials. The first two
components of He's polynomials are given by

0%u, (0ug)>
Ho(w = uo 5o +(§)
0%u, du, 0uy

0%u,
H;(u) = u162+ 062 +2E§,

Comparing the coefficient of various power of {27), we
get

p%uy(x,t) =x,

ph: u(xt) = ETH{v E[Hy (W]}

0%u, [dup\’
— g1 - 0, (=0 =
=E {VE[UO 6x2+<6x>]} t,

p?: up(x,t) = ETH{v E[H; (W]}

=EYvE|u @+u —+2——

h L ox? 0 9x2 0x 0x

=0,
p3us(x,t) =0, pruy,(xt) =0,
and so on we wil found that (x,t) =0forn > 2.
Substituting above values in equation (10) we ghktt®n in
the form of a series
uxt)=x+t+0+0..=x+t (28)
This is the solution of (20) and which is exacthe texact
solution given above.
Example 3.3 Let us takem = ~%/ in equation (1), we
get

6u
at x(( ) v _X) 29
With initial condition asu(x, 0) = (2x)~3/%.
Using afore said method, we have
u(x,t) = (2x)73/4

a 2
o B e @]

Now we apply the homotopy perturbation method,

u(x,t) = Z p u, (X, t)

and the nonllnear term can be decomposed as

N[uGx, 0] = Z p"Ha ()
Invoking qu.:%\’sl)- (32) into Eq. (30), we get

> prun(x 0
n=0

= (2x)73/* 4 pE~! {V E [Z p"H,(u) } (33)

whereH,(u) are He's ) polynomials. The first two
components of He's polynomials are given by

0*u, 4 GG
Ho) = ()™ 22 =2 wo) ™ (32)

o= (G- (52 ()
e (2595550 ()

Comparing the coefficient of various power of p(33), we
get

p¥:ug(x,t) = (20)73/%,

p u(x,t) =E{v E[Ho(u)]}

92 dug\”
gt {VE[(uo)-m — ——( 07 (52) ]}

=9 x2715/4 x x"7/4 x t,
p%: uy(x,t) = E"H{v E[H; (W]}

(3D

(32)
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- ()5 ()

Qa7 Oy (1) )|
0x 0x 3\0x U, J
=189 x 2731/4 x x~1/4 x 2
On substituting these terms in equation (10), wkaiabd
the solution

u(x,t) = (2x)73/* +9 x 2715/% x x~7/4 x t 4+ 189

X 273/ % 5 x4 x 42 4o

This result can be verified through substitution.

[6]

[7]

CONCLUSION

The main goal of this paper is to show the applitgof
the mixture of new integral transform “ELzaki tréosn”
with the homotopy perturbation method to constraot
analytical solution for porous medium equation. sThi
combination of two methods successfully worked teeg
very reliable and exact solutions to the equatidhis
method provides an analytical approximation in pidiy
convergent sequence with in exclusive manner coeaput
terms. Its rapid convergence shows that the metisod
trustworthy and introduces a significant improveméan
solving nonlinear partial differential equationseo\existing
methods.
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