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Abstract 
A Roman dominating function on a graph G  is a function { }: 0,1,2f V →  satisfying the condition that every vertex u V∈ for 

which ( ) 0f u =  is adjacent to at least one vertex v V∈  for which ( ) 2f v = . The weight of a Roman dominating function is the 

value ( ) ( )
v V

f V f v
∈

=∑ . The Roman domination number ( )R Gγ  of G  is the minimum weight of a Roman dominating function on 

G . A Roman dominating function on G  is connected Roman dominating function of  G  if either 1 2V V∪  or 2V  is connected. 

The connected Roman domination number ( )RC Gγ  of G  is the minimum weight of a connected Roman dominating function on G . 

In this paper we establish the upper bounds, lower bounds and some equality results for ( )RC Gγ . 
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---------------------------------------------------------------------***------------------------------------------------------------------------ 

1. INTRODUCTION 

Let ( ),G V E=  be a simple ( ),p q  graph with p V=  

andq E= . We denote open neighborhood of a vertex v  of 

G  by ( )N v  and its closed neighborhood by[ ]N v . For a 

vertex set ( )S V G⊆ , ( ) ( )
v S

N S N v
∈

= ∪  and 

[ ] [ ]
v S

N S N v
∈

= ∪ . The degree of a vertex x  denotes the 

number of neighbors of x  inG  and ( )G∆  is the maximum 

degree ofG . Also ( )Gδ  is the minimum degree of G . A 

set S  of vertices in G  is a dominating set, if 

[ ] ( )N S V G= . The domination number ( )Gγ  of G  is 

the minimum cardinality of a dominating set.  If S  is a subset 

of ( )V G , then we denote byS , the  subgraph induced by 

S . A subset S  of vertices is independent, if S  has no 

edge. For notation and graph theory terminology in general we 
follow [2] or [6]. 
 
A Spider is a tree with the property that the removal of all the 
end paths of length two of T  results in an isolated vertex 

called a head of a spider and the end vertices are called the 
foot vertices. 
 

Let S  be a set of vertices and u S∈ . We say that a vertex v  

is a private neighbor of u with respect to S  if 

[ ] { }N v S u∩ = . The private neighbor set of u  with 

respect to S  is the set [ ] [ ] { }{ }, ;pn u S v N v S u= ∩ = .  

A Roman dominating function (RDF) on a graph 

( ),G V E=  is a function { }: 0,1,2f V → satisfying the 

condition that every vertex u V∈ for which ( ) 0f u =  is 

adjacent to at least one vertex v V∈  for which ( ) 2f v = . 

The weight of a Roman dominating function is the 

value ( ) ( )
v V

f V f v
∈

=∑ . The Roman domination number 

( )R Gγ  of G  is the minimum weight of a Roman 

dominating function on G .See [4] and [5]. 
 

A function  ( )0 1 2, ,f V V V=  is called connected Roman 

dominating function (CRDF) of  G  if either 1 2V V∪  or 



IJRET: International Journal of Research in Engineering and Technology     eISSN: 2319-1163 | pISSN: 2321-7308 

 

__________________________________________________________________________________________ 

Volume: 02 Issue: 10 | Oct-2013, Available @ http://www.ijret.org                                                                        334 

2V  is connected. The connected Roman domination number 

( )RC Gγ  of G  is the minimum weight of a CRDF ofG . 

 
Independent Roman dominating functions were studied by 
Adabi et.al in [1]. A Roman dominating function  

( )0 1 2, ,f V V V=  in a graph G  is independent RDF or 

simply IRDF, if 1 2V V∪  is independent. The independent 

Roman domination number ( )Ri G  of G  is the minimum 

weight of an IRDF ofG . 
 
In this paper we establish the new concept called connected 

Roman domination number of G  defined by M. H. 
Muddebihal and Sumangaladevi. The purpose of this paper is 
to initialize the study of CRDF which gives one of the direct 
application of minimal CRDF is to win the war. For this we 
need the continuous flow of communication between the army 
troops by supply of requirements with minimum cost, by 

placing weight 1 between the non adjacent vertices of 1V  and 

2V  or 2V , which yields a minimal CRDF. 

 
2. RESULTS 

Specific values of Connected Roman domination numbers for 
some class of graphs 
 
In this section we illustrate the connected Roman domination 

number by determining the value of ( )RC Gγ  for several 

classes of graphs. 
 
Theorem 1:  

For the class of pathspP , cycles pC , wheels pW , stars 1,pK , 

complete graphs pK , and complete bipartite graphs ,m nK . We 

have 

1. ( )RC pP pγ =        if     2p ≠ . 

  =
1

2

p +
   if   3p = . 

2. ( ) 1RC pC pγ = −   if  3p = . 

 = p       if   3p ≠ . 

3. ( ) 1RC pWγ δ= − . 

4. ( )1, 0 1RC pKγ α= + . 

5. ( ) 1RC pKγ γ= + . 

6. ( ), 02RC m nKγ α= . 

 
Theorem 2: 

Let ( )0 1 2, ,f V V V=  be a RCγ - function of G . Then 2V  is a 

γ -set of G  if for each vertex 1v V∈  is adjacent to at least 

one vertex of 2V  or the set 1V φ= . 

 

Proof: Let ( )0 1 2, ,f V V V=  be a RCγ  function ofG . 

Further { }1 2, ,........., nD v v v= ,1 n p≤ ≤  be the γ -set and 

{ }1 2, ,......,C nD v v v=  where 1 i p≤ ≤  be the cγ -set of 

G . If 1V φ≠ , then there exists a vertex set 

{ }1 2, ,......., jM v v v=  where 1 j n≤ ≤  such that 

CM V D∈ − . Hence 0M V=  

and [ ] ( )0 1 2N M V V V− ∪ = . Now for every vertex set 

{ };1iS u i n= ≤ ≤  and{ } 2i Cu D V∈ − , we have 1S V= . 

Suppose there exists at least one vertex of 

{ } 1;1iw i n V≤ ≤ ∈  such that ( ) 2iN w V∉ . Then f  is a 

RCγ - function of G  with 1 2V V∪  as aγ -set of G , a 

contradiction. Hence for each vertex v S∈  must be adjacent 

to at least one vertex of 2V , which gives f  as a RCγ -

function with 2V  as a γ -set of G . If 1V φ= . 

Then CD D=  Hence f  is a RCγ -function with 2V  as a 

γ -set ofG . 

 
Theorem 3 

For any non-trivial tree T , ( ) ( )2RC T Tγ γ=  if and only if 

every non end vertex of T is adjacent to at least one end 
vertex. 
 

Proof: Let { }1 ;1iH v i p= ≤ ≤  and { }2 ;1jH v j p= ≤ ≤  

be the set of non end vertices adjacent to at least one end 
vertex and the set of non end vertices which are not adjacent 

to end vertex respectively. Let ( )0 1 2, ,f V V V=  be a RCγ -

function ofG . Suppose 2H φ≠ . Let D  and CD  be a γ -set 

and Cγ -set of G  respectively. Then we have following cases. 

 

Case 1: Suppose 2 1H =  or 2. Then we have two sub cases. 
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Subcase 1.1: Assume 2 1H = . Let  { } 2u H∈  such that 

{ } ( )1u N H∈ . Then { } 1u V∈  but { }u D∉ which gives 

that ( ) ( )2RC T Tγ γ> , a contradiction. 

 

Subcase 1.2: Assume 2 2H =  and  { }1 2 2,v v H∈  such that 

{ } ( )1 2 1,v v N H∈ . Then { }1 2 1,v v V∈  but{ }1 2,v v D∉ , 

which gives ( ) ( )2RC T Tγ γ> , a contradiction. 

 

Case 2: Suppose 2H k=  and { } 2;3kv k n H≤ ≤ ∈ . Then 

{ } { };1l kv l n v∀ ≤ ≤ ⊆ , { } 1lv V∈  . But  { }3lv D∈  and 

{ }{ }3l lv v D− ∉ which gives, ( ) ( )RC T Tγ γ>  again a 

contradiction. 
 

For the converse from the above all cases, let 2H φ= . Then 

2i Cv V D D= = = . Hence 

( ) ( )2 12 2 2 2Rc CT V V D D Tγ φ γ= + = + = = . 

 
Theorem 4: 

For any connected graph with 3p ≥  vertices, 

( ) ( )
1

2RC

G
G p

γ
γ

 
+ ≤ + 
 

. 

 

Proof: Let ( )0 1 2, ,f V V V=  be a RCγ -function of G . 

Further  { };1iD v i n= ≤ ≤  and { };1C jD v j n= ≤ ≤  be 

the γ -set and Cγ -set of G  respectively such that CD D⊆ . 

Suppose { }iu D∈  has at least one private neighbor in 

CV D− . Then { } 2iu V∈  and { } 1( )C iD u V− ∈ . Suppose 

there exists { }iv D⊂  with no neighbor in CV D− . 

Then{ } 1iv V∈  

 

Hence ( ) ( )
1 22 1 1

2RC

G
G V V p

γ
γ

 
+ ≤ + + ≤ + 
 

 

 
Theorem 5: 

For any graphG , ( ) ( ) ( )3RCG G Gγ γ γ≤ ≤ . 

Proof: Let ( )0 1 2, ,f V V V=  be a RCγ -function of G . Since 

2V  dominates 0V , the connected induced subgraph of 

( )1 2V V∪  is a CRDF of G . 

 

Therefore, ( ) ( )1 2 1 22 RCG V V V V Gγ γ≤ ∪ ≤ + ≤ . 

 
Now we consider the following cases to establish the upper 

bound for ( )RC Gγ . Let D  and CD  be a γ -set and Cγ -set 

respectively in G . Then we have following cases. 
 

Case 1: Suppose G  is a tree. Let { }1 1 2, ,......, nS v v v=  and 

{ }2 1 2, ,......, iS v v v= , 1 i n≤ ≤  be the set of nonend 

vertices which are adjacent to at least one end vertex and the 
set of nonend vertices which are not adjacent to end vertices 

respectively. Then 1 2S V=  , 2 1S V=   and 

( )0 1 2V V S S= − ∪ .  

 

Hence ( ) ( )1 2 1 22 3 3RC G V V V V D Gγ γ≤ ∪ ≤ + = ≤ . 

 

Case 2: Suppose G  is not a tree and { }1 2, ,......, nN v v v=  

be the set of all end vertices. Then we have following 
subcases. 
 
Subcase2.1: AssumeN φ≠ , let 

{ }1 1 2 2, ,......, k CH v v v D S= ⊆ ⊂  be the set nonend 

vertices with at least one private neighbor in CV D−  and 

2 2CH D S⊂ ⊂  be the set of nonend vertices with no private 

neighbor in CV D− . Then 1 1 2( )S H V∪ ∈  and 2 1H V∈ .  

 
Hence 

( ) ( )1 2 1 22 3 3RC G V V V V D Gγ γ≤ ∪ = + ≤ = . 

 

Subcase2.2: AssumeN φ= . Then 1S φ=  Let 

1 2 2, CH H D S⊂ ∈  such that 1H  has at least one private 

neighbor in CV D−  and 2H  has no private neighbor in 

CV D− . Clearly  2 1H V∈  and 1 2H V∈ .  

 

Hence ( ) ( )1 2 1 22 3 3RC G V V V V D Gγ γ= ∪ = + ≤ =  
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Theorem 6: 

For any treeT , ( ) ( )RC RT i Tγ =  if and only if every 

nonend vertex of T  is adjacent to exactly two end vertices or 
if every nonend vertex of  T  is adjacent to at least three 
vertices, then they are not adjacent. 
 
Proof: Suppose there exists at least one nonend vertex of T , 
which is adjacent to only one end vertex. Let I  be the 
minimal independent Roman dominating set of T  and 

( )0 1 2, ,f V V V=  be a RCγ -function of T . Further let 

1 2,I I I⊂  with 1 1I V=  and 2 2I V= . Then each vertex 

of  2 2I V∈  in ( )Ri T  and ( )RC Tγ . But 1 1I V∈  and 

1 0( )N I V∈  in ( )Ri T , whereas 1 2( )N I V∈  and 1 0I V∈  in 

( )RC Tγ , which gives ( ) ( )RC RT i Tγ > , a contradiction. 

 Suppose there exists a nonend vertex set 

{ };1iv i n≤ ≤  adjacent to at least three end vertices such that 

at least two vertices of { }iv  are adjacent and { }N  be the set 

of end vertices of T .  Let { }iA v= . Then each vertex of  

2A V∈  in ( )RC Tγ . But for the pair of adjacent vertices 

( ),u v A⊆  with deg degu v≥ , we have 2u V∈ , 0v V∈  

and ( ) { } 1{ }N v N V∩ ∈  in ( )Ri T . Since each vertex of A  

is adjacent to at least three end vertices, ( )deg 3v ≥  which 

gives, ( ) ( )RC RT i Tγ < , a contradiction. 

 

Conversely, let ( )0 1 2, ,f V V V=  be a RCγ -function of T  

and ( )' ' ' '
0 1 2, ,f V V V= be a ( )Ri T - function of  T . Assume 

statement of the Theorem holds. Let I  be the minimal 

independent Roman dominating set of T . Further { }1n  and 

{ }N  be the set of non end vertices and end vertices 

respectively. Then { } '
1 2n V∈  or '

0V . Let { } { }1 2 1,S S n⊂  

such that { } { }'1 2S V∈  and { } { }'2 0S V∈ . If  { } '
1 2S V∈ . 

Then { } { }1 2S V∈ . If { } { }'2 0S V∈ . Then for each 

{ } { }2iu S∈ , there exists exactly two neighbors 

( ) { }{ }, ( )ix y N u N∈ ∩  such that ( ) '
1x y V∪ ∈ . Since 

each { }iu  of { }2S  has exactly two neighbors ( ),x y  in '
1V , 

hence there exists { } ( ) ( )w N x N y∈ ∩  such that 

{ } 2w V∈ . Clearly ' '
1 2 1 2V V V V∪ = ∪ . Hence 

( ) ( )RC RT i Tγ = . 

 
Theorem 7: 

Let 
1 2 3, , ,........, nm m m mG K=  be the complete n -partite graph 

with 1 2 ........ nm m m≤ ≤ ≤ . 

 

a. If 1 1m = , then ( ) 2RC Gγ = . 

b. If 2 2m ≥ , then ( ) 4RC Gγ = . 

 
Proof: a. This case is obvious. 

b. Let M  be the partite set of size 1m  and N V M= − , 

further u M∈  and v N∈  such that ( ) ( ) 2f u f v= = . 

While every other vertex w  is in either M  or N , let 

( ) 0f w = . If there exists a vertex 0w M V∈ ∩ , then there 

must exists a vertex 2x N V∈ ∩ . If there also exists a vertex 

{ }( )0y V N x∈ ∩ − , then there must exists a vertex 

{ }2{ ( )}z V M w∈ ∩ − . Since f is an CRDF, we have 

( ) 4RC Gγ = . 

 
Theorem 8: 

Let T  be any tree with 3p >  vertices. 

Then ( ) ( ) ( )t RCT T Tγ γ γ+ ≤  

 
Proof: Let T  be any tree with 3p >  vertices. Suppose 

{ }1 2, ,......, nD v v v=  and { }1 2, ,......,t iD v v v=  where 

1 i n≤ ≤  be the γ -set and  tγ -set of G  respectively. Then 

there exists a vertex set { }i tu D D∈ ⊆  of T adjacent to at 

least one end vertex such that { } 2iu V∈  and also there may 

exists a nonend vertex set { } 0({ } )i iv V u V∈ − ∪  which are 

not adjacent to end vertex such that { } 1iv V∈ .Which gives, 

1 2tD D V V+ ≤ ∪ . Hence ( ) ( ) ( )t RCT T Tγ γ γ+ ≤ . 
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Theorem 9: 

Let G  be any graph with ( ) ( )CG Gγ γ= . Then 

( ) ( ) ( )RC CG G Gγ γ γ= + . 

 
Proof: It is sufficient to prove this result for any connected 

graphs G . Let G  be any connected graph with 

( ) ( )CG Gγ γ=  and { }1 2, ,......, nD v v v=  be the set of 

vertices of G  which forms γ -set for G . Since 

( ) ( )CG Gγ γ= . Hence D  also forms a connected 

dominating set of G . Suppose ( )0 1 2, ,f V V V=  is a CRDF of 

G . Then 0V V D= − , 1V φ=  and 2D V= . Hence 

( ) ( ) ( )1 22 2RC CG V V D D D G Gγ γ γ= + = = + = +
. 

Observation: For any graph G , ( ) ( )R RCG Gγ γ≤ . 

 
Theorem 10:  

Let G  be any connected ( ),p q  graph. Then 

( ) ( )RC RG Gγ γ=  if and only if every vertex { }iv  of CD  

has at least two private neighbors in CV D− , where CD  is a 

Cγ -set of G . 

 

Proof: Let { }0 1 2, ,f V V V=  and { }' ' '
0 1 2, ,g V V V=  be a 

RCγ -function and Rγ -function of G  respectively. Assume 

{ }1 2, ,.......C nD v v v=  be a Cγ -set of G . Then we consider 

the following cases. 
 

Case 1: Suppose there exists at least one vertex { }iu  of CD  

with exactly one private neighbor in CV D− . Then for every 

{ } { }k iu u⊆ , we consider following sub cases. 

 

Subcase 1.1: Assume no two vertices of { }ku  are adjacent in 

G . Then { } '
0ku V∈  and ( ) ( ){ } '

1k CN u V D V∩ − ∈ . But 

{ } 2ku V∈  and ( ) ( ){ } 0k CN u V D V∩ − ∈ , which gives, 

( ) ( )RC RG Gγ γ> , a contradiction. 

 

Subcase 1.2: Assume { };1ku k n∀ ≤ ≤ , there exists at least 

two vertices of { }ku which are adjacent in G . Then 

{ } '
0ku V∈  or '

2V . If { } '
0ku V∀ ∈ . Then there exists 

{ } ( ) ( ){ }i k Cv N u V D∈ ∩ −  such that { } '
1iv V∀ ∈ . But 

{ } 2ku V∈  and{ } 0iv V∈ , which gives, ( ) ( )RC RG Gγ γ> , 

a contradiction. If { } '
2ku V∀ ∈ , then there exists at least two 

vertices of { } ( ){ }j k Cu N u D∈ ∩  such that { } '
0ju V∈ . 

But for every{ } 1k ju u V∪ ∈ , which gives 

( ) ( )RC RG Gγ γ> , a contradiction. 

 

Case 2: Suppose there exists at least one vertex { }iw which 

has no neighbors in CV D− . Then { } '
0iw V∈  or '

1V  or '
2V . 

If { } '
0iw V∈ . Then{ } 1iw V∈ , again ( ) ( )RC RG Gγ γ> , a 

contradiction. If { } '
1iw V∈  or '

2V . Then there exists at least 

two vertices of { } ( )j iw N w∈  such that { } '
0jw V∈ . But 

( ){ } 1j jw N w V∪ ∈ , which gives ( ) ( )RC RG Gγ γ> , a 

contradiction. 
 

Hence in all cases, we have ( ) ( )RC RG Gγ γ> , a 

contradiction. 
 

Conversely, let every vertex { }iv  of CD  has at least two 

private neighbors in CV D− . Then { } 2iv V∈ and  

{ } 0( )i CN v V D V∩ − ∈ , also { } '
2iv V∈  and 

{ } '
0( )i CN v V D V∩ − ∈ .  

 

Hence ( ) ( )' '
1 2 1 2RC RG V V V V Gγ γ= ∪ = ∪ = . 

 
We need the following Theorem to prove further Theorem 
 
Theorem A [2]: 

For any connected graph G with ( ) 1G p∆ < − , 

( ) ( ) ( )t CG G Gγ γ γ≤ ≤ . 
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Theorem 11: 

 Let G  be any connected graph with( ) 1G p∆ < − . 

Then ( ) ( ) ( )RC C tG G Gγ γ γ≤ +  

 

Proof: Let { }0 1 2, ,f V V V=  be a RCγ -function of G . 

Suppose { }1 2, ,.......,C nD v v v=  and 

{ }1 2, ,.......,t iD v v v= , where 1 i n≤ ≤  be the Cγ -set and 

tγ -set respectively. Then ( ) ( )t CG Gγ γ≤ . We consider the 

following cases. 
 

Case 1: Suppose ( ) ( )t CG Gγ γ= . Then 2{ }CD V∈  or 

1 2( )V V∪  and 0{ }CV D V− ∈ . Again we consider the 

following subcases. 
 

Subcase 1.1:  Assume 2CD V= . Then 1V φ=  and 

0CV D V− = . 

Hence

( ) ( ) ( )22 2RC C C t C tG V D D D G Gγ γ γ= = = + = +
 

Subcase 1.2: Assume 1 2CD V V= ∪ .  

 

Then 0CV D V− = .  

 
Thus 

( ) ( ) ( )2 1 2 12 2 2RC C C t C tG V V V V D D D G Gγ γ γ= + ≤  +  = = + = + 
. 

Case 2: Suppose ( ) ( )t CG Gγ γ< , let { }i t Cv D D∀ ∈ ⊂ . 

Then { } 2iv V∈  or 1V  and { } 1C iD v V− ∈ . Since 

( ) ( )t CG Gγ γ< . Hence there exists at least one vertex 

{ } { }j iv v∉  and { }j Cv D∈  such that { } 1jv V∈ .  

 
Hence 

( ) ( ) ( )2 12RC C t C tG V V D D G Gγ γ γ= + ≤ + = + . 

 
Theorem 12:  

Let ( )0 1 2, ,f V V V=  be a RCγ -function of G . 

Then ( ) ( )2RC CG Gγ γ≤  

 

Proof: We consider a minimal connected dominating set CD  

of G  . Since each vertex of CD  connected dominating set of 

G . Hence ( )1 2CD V V∈ ∪ . Suppose 1V φ= . Then 

2{ }CD V∈ , which gives 2 CV D= . Clearly 

( ) 22 2RC CG V Dγ = = . Hence ( ) ( )2RC CG Gγ γ= . 

Suppose 1V φ≠ . Then 1 2 CV V D+ = . Clearly 

( ) 1 2 1 2 1 22 2 2 2 2RC CG V V V V V V Dγ = + < + =  +  = 

. Hence ( ) ( )2RC CG Gγ γ< . Thus ( ) ( )2RC CG Gγ γ≤
 

 
Theorem 13: 

Let G  be any connected graph. If RCD  is a minimal 

connected Roman dominating function of G  and for every 

{ }i RCv D∈  there exists at least one vertex of 

( )i RCN v V D∈ − . 

 

Then RCV D−  is Roman dominating function ofG  
 

 Proof: Let RCD  be a minimal connected Roman dominating 

function of G . Suppose for each { }i RCv D∈ , there exists at 

least one vertex { } ( )i iu N v∈  such that { }i RCu V D∉ − . 

Then { }iu  is not dominated by RCV D− . Hence RCV D−  

is not a RDF of G . Thus for each { }i RCv D∈ , there exists at 

least one vertex of ( )i RCN v V D∈ − . Clearly RCD  is a 

minimal connected Roman dominating function and 

RCV D−  is Roman dominating function ofG . 

 

Definition: A graph G  is said to be Roman connected graph 

if ( ) ( )2RC G Gγ γ= . 

 
Now we characterize the Roman connected graphs in the 
following Theorem. 
 
Theorem 14: 

A graph G  is Roman connected graph if and only if it has a 

RCγ -function ( )0 1 2, ,f V V V=  with 1V φ= . 

Proof: Let G  be a graph and ( )0 1 2, ,f V V V=  be a RCγ -

function of G . If 1V φ= , by definition of ( )RC Gγ , 2V  
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dominates 2V V− .  Otherwise a connected induced subgraph 

of 1 2V V∪  dominates 1 2( )V V V− ∪  and hence 

( ) ( )1 2 1 2 1 22 RcG V V V V V V Gγ γ≤ ∪ = + ≤ + = . 

We consider the following cases. 
 

Case 1: Suppose 1V φ≠  and D  be a γ -set of G . Let 

1v V∈  andv D∉ . Then ( ) 1 22 2G V Vγ < ∪ , a 

contradiction. 
 

Case 2: Suppose 1V φ≠  and v D∈ . Then there exists at 

least two neighbors of { } ( )iu N v∈  such that { } 1iu V∈  and 

{ }iu D∉ , which gives again, ( ) 1 22 2G V Vγ < ∪ , a 

contradiction. 
 

Since G  is Roman connected. Then 1V φ= . 

 

Conversely, let ( )0 1 2, ,f V V V=  be a RCγ -function of G  

with 1V φ= . Therefore ( ) 22RC G Vγ = . Since 1V φ= , 

by Theorem 2, 2V  is a γ -set of G  such that ( )2V Gγ= . 

Thus ( ) ( )22 2RC G V Gγ γ= = . Hence G  is  Roman 

connected graph. 
 
Theorem 15: 

For any connected graph G  with 2p ≥  vertices, 

( ) ( )2RC G Gγ γ=  if and only if v V∈  with degree 

( )p Gγ− . 

 

Proof: Suppose G  has a vertex v  with degree ( )p Gγ−  

such that ( )v V G∈ . If { }2V v= , 1V φ=  and 

{ }0V V v= − . Then 2V  is a γ -set of  G  and 

{ }0 1 2, ,f V V V=  is an CRDF with ( ) ( )2f V Gγ= . Since 

( ) ( )2RC G Gγ γ≥  for connected graphs, f  is a RCγ -

function of G . 
 

In order  to CRDF { }0 1 2, ,f V V V=  to have weight ( )2 Gγ  

either  1. ( )1 1V Gγ= +  and 2V φ=  or  2. 1V φ=  and 

( )2V Gγ= . Any other arrangement of weight ( )2 Gγ  

would have ( )1 2 2V V Gγ+ < . 

 

For 1, since 2V φ= . Then 1V V= . By a Theorem of  Ore 

[3], ( )
2

p
Gγ ≤  for a connected graph G  on p vertices. 

Thus ( ) 1 1
2

p
p Gγ= + ≤ + , which implies that 2p ≤ . It 

is easily verified that ( ) ( )2 22 2RC P Pγ γ= =  and 2P  has a 

vertex of degree 1. 
 

For 2, Let { }0 1 2, ,f V V V=  be a RCγ -function for G  of 

weight ( )2 Gγ  with 1V φ=  and ( )2V Gγ= . Since 

1V φ= , each edge of  G  joins 2V  and 2V . Hence 

( )0 1 2 2deg( )v V p V V p V p Gγ= = − − = − = − . 

 
Theorem 16: 

Let T  be any tree with every nonend vertex of T  is adjacent 

to at least one end vertex. Then ( ) 2RC T Cγ = , where C  is 

the set of cut vertices of T . 
 

Proof: Let ( )0 1 2, ,f V V V=  be a RCγ -function of T . Since 

each nonend vertex of T  is adjacent to at least one end vertex. 

By definition of ( )RC Gγ , there exists a connected Roman 

dominating set 2RCD V∈  and ( ) { } 0RCN D N V∩ ∈  such 

that 1V φ= , where C  and { }N are the set of cut vertices and 

end vertices of T  respectively. Clearly 2C V= . Hence 

( ) 22 2RC T V Cγ = = . 
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