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Abstract

Let the square of a graph G, denoted by G?has same vertex set asin G and every two vertices U and Vv arejoined in G2 if and
only if they are joined in G by a path of length one or two. A subset D of vertices of G? is a double dominating set if every
vertex in G2 is dominated by at least two vertices of D . The minimum cardinality double dominating set of G2 is the double

domination number, and is denoted by y, (GZ) . In this paper, many bounds on (Gz) were obtained in terms of elements of

G . Also their relationship with other domination parameters were obtained.
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1. INTRODUCTION

In this paper, we follow the notations of [1]. Alle graphs
considered here are simple, finite and connectedugual

p=|V(G)| and q=|E(G)| denote the number of vertices
and edges o6, respectively.

In general, we uséX)to denote the subgraph induced by
the set of verticesx and N(v) and N[v] denote the open
and closed neighborhoods of a vertexrespectively. The
notation a,(G)(ay(G)) is the minimum number of
vertices(edges) is a vertex(edge) cover o6.
Also 3, (G)(B,(G))is the minimum number of vertices
(edges) is a maximal independent set of vertexgedfG .

Let deg(v)is the degree of a vertew and as usual
J(G)(A(G)) denote the minimum (maximum) degree of

G. A vertex of degree one is called an end verteX it
neighbor is called a support vertex. Suppose a @tipp
vertex Vis adjacent to at least two end vertices then it is
called a strong support vertex. vertex vV is called cut
vertex if removing it from G increases the number of
components ofs.

The distance between two verticesand Vv is the length of
the shortestuv- path in G. The maximum distance

between any two vertices il is called the diameter,
denoted bydiam(G).

The square of a grapls, denoted byG? has the same
vertex set as irG and the two verticesl and v are joined

in G2 if and only if they are joined il by a path of length
one or two (see [1], [2]).

We begin by recalling some standard definitionsnifro
domination theory.

A set SOV is said to be a double dominating set®f if
every vertex ofGis dominated by at least two vertices of
S. The double domination number dbis denoted by
Y4(G)and is the minimum cardinality of a double

dominating set ofG. This concept was introduced by F.
Harary and T. W. Haynes [3].

A dominating setSOV(G) is a restrained dominating set

of G, if every vertex not inS is adjacent to a vertex i®
and to a vertex itV —S . The restrained domination number

of G, denoted byy,.(G) is the minimum cardinality of a

restrained dominating set ofG. This concept was
introduced by G. S. Domke et. al.,[4].

A dominating set SOV(G)
dominating set of G, if the subgraph (S) is not

disconnected. The minimum cardinality of verticesuch a
set is called the connected domination numbeGoand is
denoted byy, (G) [5].

is said to be connected

A subsetD DV(GZ) is said to be a dominating set 6f,

if every vertex not inD is adjacent to some vertex D .
The domination number o062, denoted byy(Gz) , is the

Volume: 02 Issue: 09 | Sep-2013, Available @ http://www.ijret.org 454



IJRET: International Journal of Research in Engineering and Technology

el SSN: 2319-1163 | pl SSN: 2321-7308

minimum cardinality of a dominating set &f°.

Similarly, a dominating seD of G? is said to be total
dominating set ofG?, if for every vertevaV(Gz), there

exists a vertexuO D, u# v, such thatu is adjacent tov
or if the subgraph(D) has no isolated vertex. The total

domination number ofG?, denoted by yt(Gz) is the

minimum cardinality of total dominating set ofZ.
Domination parameters in squares of graphs were
introduced by M. H. Muddebihal et. al.,(see [6] §A}.

Analogously, a subseD DV(GZ) is said to be double

dominating set ofG?, if every vertex inG? is dominated
by at least two vertices oD. The double domination

number of G?, denoted by, (Gz) , is the minimum

cardinality of a double dominating set 6. In this paper,
many bounds onyy (Gz) were obtained in terms of

elements of G. Also its relationship with other different
domination parameters were expressed.

2. RESULTS
Theorem 2.1:

a. Forany cycleC,, with p=3 vertices,

2, for p=3.
§+1, for p=0(mod3)

[_p] otherwise.
3

b. For any complete grapK ,, with p=2vertices,

va(K2)=2.
c. Forany starK, ,, with n> 2 vertices,

va(K2)=2.
d. Forany wheeW,, with p=4vertices,

yd(Wp2)=2.

e. For any complete bipartite grapk with

P, P2 !
p, + p, = p vertices,

Theorem 2.2: For any connected graple with p=>3

vertices, y (Gz) < [Ep—‘ +1.

Proof: For p<2 , y4 (Gz)i{g—‘ . For p=3 , we prove

the result by induction process. Suppage |V|S3 in G,

then y, (GZ) 2[2—‘ . Assume that the result is true for any

graph with p-vertices. Let G be a graph withp+1
vertices. Then by induction hypothesis, it follovisat

17 (GZ) S{pT-I-l—‘ . Hence the result is true for all graphs

with p =3 vertices by induction process.

Theorem 2.3: For any connected graple with p=3
vertices, y (GZ)+y(Gz) < p . Equality holds if and only if
G OC,, P,.

Proof: Let S={w,V,,....v,} be the minimal set of vertices

which covers all the vertices iG2. Clearly, Sforms a
dominating set ofG2. Further, if there exists a vertex set
V(G?)-8=V, in G2. ThenSOV' =D, whereV' DV, in
G2, be the set of vertices such thﬁllvDV(Gz), there
exists two vertices inSOV =D. Further, since every
vertex of G?are adjacent to at least two vertices @,
clearlyD forms a double dominating set &2. Therefore,
it follows that|D| 0|S|< p. Hencey, (Gz)+y(GZ)s p.
SupposeG [1C;, P;. Then either2|S #|D| or |D|O|S|< p,
which gives a contradiction in both cases.

SupposeG [OCg, P5. Then in this casgp|=2=20= 25.
Clearly, |D|0|S|=3= p. Therefore,, (GZ)+y(GZ) =p.

Theorem 2.4: For any connected(p,q)- graphG,
2y(G?) < y4(G?)+2.
Proof: SupposeS={v,,V,,...V,} DV(GZ)be the minimal

set of vertices which covers all the vertices, sulcht
dist(u,v) 2 3for all {u,v}0S. Then Sforms a minimal

dominating set ofG2. Further, if for evervaV(Gz),
there exists at least two vertics, w} O Ssuch thatOu,v,
N(v) and N(u) belongs toV(Gz)—S. Then Sitself is a
double dominating set of5%. Otherwise, there exists at
least one vertexxON(S) such thatSO{x =D forms a

double dominating set of G2. Since for any
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graphGwith p=2, y, (Gz) > 2. Therefore, it follows that

D{+2
S s% . Clearly, 2y(Gz) 37 (G2)+ 2.
Theorem 25: For any connected (p,q)-graphG,

with p = 3vertices, y (GZ)+y(G) < p. Equality holds for
C;,C,, P3Py, P5, Py

Proof: Let F, ={v},V,,...V,} be the set of all non end
vertices in G. SupposeS={v;,V,,...v} OF;,k<sm, be

the minimal set of vertices which are at distanhecd
covers all the vertices db. Then S itself forms a minimal
y-set of G. Otherwise, there exists at least one vertex

vON([S]such thatSO{v} forms a minimal dominating set
of G. Now in G?, since V(G):V(Gz), let
I :{ul,uz,...,ui} be the set of all strong support vertices.
SupposeD =1 OF,, where F, 0 F,—| be the minimum
set of vertices which covers all the verticesdf, such that

for every vertex vDV(GZ), there exists at least two

{u,w} 0D where Ov, O
Ov; OF, v} OV[G®] -Dhas at least two neighbors
which are eitherv; or v;. Then D forms a minimal double

dominating set of G®. Therefore, it

ID|O[SO{v}|< p. Hencey, (Gz)+y(G)s p.
Suppos& 0C;,C,,P5,P,. Then in this case|D|=2and
|S/=p-2. Clearly, it follows that|D| 0|S| = p. Therefore,

va(G?)+y(G)=p.

Suppos& IR, P;.  Then in this case, |D|=[_ﬂ
=P

andg _LZJ'

|D|O|g = {g—‘{gJ Therefore,y, (G2)+y(G) =p.

vertices and

follows that

Clearly, it follows that

Theorem 2.6: For any connected(p,q)- graphG with

p = 3vertices, y (GZ) < p_[d'arg(G)l '

Proof: For p=2, yd(Gz)$ p{dk%(e)] Hence

considerp>3. Suppose there exists two vertices

u,vOV (G), which constitutes the longest path@. Then
dist(u,v) = diam(G). Since\/(G)=V(Gz), there exists a

vertex set D ={v;,v,,...;} such that for every vertex

v;UD,1<j<i, there exists at least one vertex

v, OD,1<k<i. Also every vertex iB2is adjacent to at

least two vertices ofDin G2. Then D forms a minimal
double dominating set ofG®. Since |D|z2and the
diametral path includes at least two verticesollofvs that,

2|D| < 2p~diam(G) . Clearly y, (G?) < p—[d“amT(Gw .
Theorem 2.7: For any nontrivial tree withp > 3 vertices
and m cut vertices, thepy (Tz) <m+1, equality holds
if T OKy,,n22.

Proof: Let B={v,,V,,...,v;} be the set of all cut vertices in
T with|B|=m. Suppose!\:{vl,vz,...,vj} , 1< j<i be the
set of cut vertices which are at a distance twenftbe end

vertices of T andA O B. Now in T2, all the end vertices
are adjacent withlv; A and {B { A . Now in T2,

since\/(T)=V(T2), for every vertexzDV(Tz), there
exists at least two verticfs,v} 1B=DinT?. Further,

since D covers all the vertices Thz, D itself forms a

minimal double dominating set oT 2. Since every tree
T contains at least one cut vertex, it follows that

|D| < m+1. Hencey, (TZ) <m+1.

SupposeT is isomorphic to a std€, ,. Then in this case,
|D|=2and
Yy (Tz) =m+1.

m=1. Therefore, it follows that

Theorem 2.8: For any connected(p, q)-graph G,
va(G?) < (G?)+a(G).

Proof: For p=2, the result follows immediately. Hence,
let p=3. SupposeV; ={v;,V,,....v,} OV (G)be the set of
all vertices withdeg(v;) = 2, ki <n. Then there exists at
least one vertex OV, of maximum degreeA(G). Now in
G?, since V(G)=V(Gz), let Dy ={vy,Vyp,... i} OVyin
G?. SupposeD, covers all the vertices ®%and if the
subgraph(D;) has no isolated vertex, thenitself is a
minimal total dominating set o62. Otherwise, there exists
a setD,0OH, where H DV(Gz)—Dl, forms a minimal
total dominating set d8?. Now let D :{vl,vz,...,vj} ov,

in G%be the minimal set of vertices, which covers a# th
vertices in G2. SupposeDvDV(Gz), there exists at least
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two vertices{u,w} 0D which are adjacent to at least one
vertex of D and at least two vertices dﬁ(Gz)— D. Then

Dforms a y4- set of G2. Otherwise D1, where

I DV(GZ)—D, forms a minimal double dominating set of
G®. Clearly, it follows that|DO1|<|D,OH|+A(G).
Therefore, y (GZ) <y (GZ)+A(G) :

Theorem 29: For any connected(p, q)-graph G,
¥(G) < yq (Gz). Equality holds if and only ify(G) =2
with diam(G)<3.

Proof: If V; ={vy,V,,...,v,} OV (G) be the set of vertices
with deg(v)= 2,.i<n. Then S={v,V,,...,} OV,
forms a minimal dominating set & . Now without loss of
generality in G?, since V(G) :V(Gz). If

V, ={vy,V,,... v, } be the set of vertices witteg(v, ) < 2.

If V, OV(G), then the vertices which are at a distance at

least two are adjacent to each vertexdf in G®. Hence
S0OV,=D whereS 0S forms a minimal double

dominating set oB2. If V, =g, then SOV, =D where
V; 0V, forms a minimal double dominating set &f.

Further, since every vertex i62 is adjacent to atleast two
vertices of D, it follows that |§<|D|. Hence,

y(G) < yy (Gz) .

Suppose y(G) #2 with diam(G)<3. Then in this case
diam(G)=1and hence, |§=1. Clearly, |§<|D|.
Thereforey(G) < y4 (Gz) , a contradiction.
Further, if y(G)=2with diam(G)£3. Then in this case,
diam(G) = 4. ID|>|9.
y(G) <Yy (Gz) , again a contradiction.

Clearly, Therefore,

Hence y(G)=yd(Gz)if and only if y(G)=2 with
diam(G) <3.

Theorem 2.10: For any connected(p, q)-graph G,
Yy (Gz) < p-a,(G)+1. Equality holds foK .
A={v,V,,... N} OV(G),

deg(v) = 2, ki <n, be the minimum set of vertices which

Pr oof: Let where

covers all the edges d&, such that| Al =a,(G). Now in
G?since V (G) =V(Gz), let D ={v,V,,....v,} O Abe the

set of vertices such that for every vert@/ﬂV(Gz), there

exists at least two verticefu,w} 0D in G?. Further, if

D covers all the vertices G2, thenD itself is a double

dominating set oG . Clearly, it follows thafD| < p—|A +1
and hencg, (Gz) < p-ay(G)+1.

Suppos& 0K ,. Then in this casdA = p-1 andD|=2.
that |D|=p-|A+1 and

Clearly, it follows

hencey, (Gz) = p-ay(G)+1.

Theorem 2.11: For any connected(p, q)-graph G,
Yy (Gz)s % (G).

Proof: Let K ={u,u,,...,u,} OV (G)be the set of vertices
such thatN[u]n N[u;|= ¢, wherel<i<n, 1<j<n.

Suppose there exists a minimal set
Ky ={upup,...u, } ON(K), such that the subgraph

(K OK;)has no isolated vertex. Further, K O K, covers
all the vertices inG, thenK OK,forms a minimal total

dominating set ofG. SinceV (G) =V(Gz), there exists a
vertex setD ={v;,V,,... v} O K O K,in G2, which covers
all the vertices inG2?and for every vertex DV(GZ), there
exists at least two verticefai,w} 0D . Clearly, D forms a

minimal double dominating set @?2. Therefore, it follows
that |D| <|K O Ky|. Hencey, (Gz) <% (G).

Theorem 2.12: For any connected(p, q)-graph G,
Va (Gz) < 3, (G) +1. Equality holds forK .

Proof: For p=2, the result is obvious. Hence lgt>3.
SupposeF ={u;,U,,....u,} OV (G) be the set of all vertices

deg(vi)=1 ki<m. Then FOF,
F OV(G)-F, F ON[F]forms a maximal independent
set of vertices, such that‘F 0 F":,BO(G). Since

with where

V(G)=V(Gz), let Dy ={Vy,Vp, ...V} DV(GZ)—Fand
D,ON(F).

D, 0D, =D forms a minimal set of vertices which covers

Suppose DZDV(GZ)—Dlsuch that

all the vertices in G2. Further, if for every vertex
VDV(GZ), there exists at least two vertic¢s,w} OD .
ThenD forms a minimal double dominating set @?.
Since every grapB contains at least one independent

vertex, it follows that |D|S‘FDF"+1. Therefore,

va (%)< 4y (G)+1.
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Suppos& UK ,,. Then in this caseG contains exactly one [4]. G.S. Domke, J. H. Hattingh, S. T. Hedetniemi C.

: . Laskar and L. R. Markus, Restrained Domination in
mdepzndent vertex and by Theorem 2.1(b), it foHlovat Graphs, Discrete Mathematics 203, 61—69, 1999,
Va (G )=ﬁo(G)+1'

[5]. E. Sampathkumar and H. B. Walikar, The Coteec
Domination Number of Graphs, J.Math.Phy. 58,

Theorem 2.13: For any non-trivial tree T,
607-613, 1979.

Va (Tz) < Ve (T)+1.

Proof: Let F ={v;,v,,....v,} OV(T)be the set of vertices [6]. M. H. Muddebihal, G. Srinivasa and A. R. Setar,
Domination in Squares of Graphs, Ultra Bt#,

with deg(v,) = 10{v} OF ,ki<n. Suppose for every 23(3)A, 795-800, 2011.

vertex vOV (T)-F , there exists a vertex JF and also a , o
[71 M. H. Muddebihal and G. Srinivasa, BoundsTanal

vertex xOV(T)-F. ThenFitself is a restrained Domination in Squares of Graphs, Intermelalournal
dominating set ofT . Otherwise, there exists at least one of Advanced Computer and Mathematical Sxeen

vertex WOV (G)-F, such that D' =FO{w} forms a 4(1), 67-74, 2013
minimal restrained dominating set ofT . Let
D ={u,U,,...u} OV-F in T?be the minimal set of

vertices which are chosen such tHﬁlvDV(Tz), there
exists at least two vertice§y,z} 0D . Further, since

D covers all the vertices Th?, clearly D forms a minimal
double dominating set off 2. Therefore, it follows that
|D|S‘D"+1due to the distance between vertices Tofs

one. Hencey, (Tz)s Vie (T) +1.

Theorem 214: For any connected graphG,
Ve (Gz)s v (G)+1.

Proof: SupposeC ={v;,V,,....v,} OV (G) be the set of all
cut vertices inG. Further, if CO1, where | ON(C) with
deg(v,) = 2,0{v;} OI be the minimal set of vertices which

covers all the vertices @and if the sub grap{C 1) is
connected. ThenCOl forms a minimal connected
dominating set ofG. Let D ={v;,V,,...,v;,} be the minimal

set of vertices which covers all the verticesGA. Suppose
for every vertevaV(Gz), there exists at least two
verticeu,w} 0D . Then D itself forms a minimal double

dominating set oB2. Therefore, it follows that
|D|<|CO1|+1 and hencgy (Gz)s ve(G)+1.
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