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Abstract
In this paper, we have obtained some novel gemgydtinctions (both bilateral and mixed trilaterétivolving modified
bi-orthogonal polynomial$, %% (x; k), by group-theoretic method. As particular cases, algain the corresponding

results on generalized Laguerre polynomials.
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1. INTRODUCTION

An explicit representation for the Konhauser bi-orthogonal
polynomials [1], Y#(x;k), suggested by the Laguerre
polynomials was given by carlitz [2] in the following form:

o =552 oy ()14
i=0 Jj=0

Where, (a),, is the pochhammer symbol, « > —1 and k is a
positive integer.

The aim at presenting this paper is to obtain some results (new
and known) on bilateral and mixed trilateral generating
functions for the modified Konhauser biorthogonal
polynomials Y,%**(x; k), by the group-theoretic method
.Several particular cases of interest are aso discussed in this
paper .The main results of our investigation are stated in the
form of the following theorems :

Theorem 1.
If there exists a unil ateral generating relation of the form:

G(x,w) = Z 2 i k) wh,

n=0

Then
—(1+a+mk)

(1 - kw) exp (x [1 —(- kw)_Tl]) G(x(1

—kw), tw(l—kw))

o)=Y akn? (LT s e
p:
Theorem 2:

If there exists a generating relation of the form:

0

Gt W) = ) ay V(6 Kgn(w) w”

n=0

Where g, (u) is an arbitrary polynomia of degreen and right
hand series have formal power series expansion, then

—(1+a+mk)

A—-kw) &  exp <x [1 -(1- kw)_TlD G(x(1
—kw),u, vw(l—kw))

0
= Z Wn O-n (xl u’ U)’
n=0

Where

n

0, (X, u,v) = Z kT n + m) Yt (s Kg(w) v
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2. DERIVATION OF A NEW GENERATING
FUNCTION:

At first we consider the following operator R:

R= xy‘lzi+ Zi+ (k+1Dz3y 1 —
0x dy
+(1—x+km)y 1z (2.1)
Such that

RER (s K)y z")
=k(n+m+ DY (s ky* 1z (2.2)

The extended form of the group generated by R is given as
follows:

e f(x,y,2)

(km+1)
= (1-kwylz)” exp| x

x
_ —1>
(1 - kwy-12)k

x y z
X f( T T ) (23)
(1 —kwy=12)k (1 —kwy 12)k (1 —kwy 1z)"%

Where f(x,y, z) is an arbitrary function and w is an arbitrary
constant. Now using (2.3), we obtain

(km+kn+a+n+1)yazn

RV (k)Y ™) = (1 — kwy™'z)

X exp (x

x x
- —) Yo ————————k | (2.4)
(1 - kwy12)k (1 - kwy 12)k

But using (2.2), we obtain

IR Ry 2 = ) SR (G )y 2")

0

Z n:TTZ p Yty (6 )y z™ (kwy 2)P . (2.5)
p=0

Equating (2.4) and (2.5) and then putting kwy 1z = w , we
get

_ (+a+n+nk+mk)
1-w) k exp| x

X X
- —) v (— k)
(1-w)k (1 -w)k

n +m+
=) ("I v w26
p=0

Now putting m=0in (2.6), we get

_ (+a+n+nk)
1-w) k exp| x
x x
—_ 1) Y,;I-Hq' ( 1 ; k)
(1—w)k (1 —-w)k

Z (" FP) v G ow?, @.7)

Which does not seem to have appeared in the earlier works.
Now putting n=0 and replacing a by @ — n in (2.6), we get

_ (km+a+1) X X
1-w) E exp|x— | Y 7k
(1-w)k (1 -w)k

Z (™ P e, G ow?, 2.8)

Which isfound derived in [3] by the classica method. Now
putting m=0 in (2.8),we get

(1+a) ( X )
(1-w)"" % exp|x———o
(1-w)k

- Z YE (O w?, (2.9)

Which isfound derived in [3,4].

Special Case 1:

If we put k =1, then Y,%(x; k) reduce to the generalized
Laguerre polynomials, L% (x).Thus Putting k = 1 in the above
generating relations, we get the following generating relation
on Laguerre polynomials:
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(1-w)” (1+a+2n)exp( xW) L@+ ( X )

1 1—w
n
) (

(1-w)" (1+zx+m)exp ( —xw ) LEZ) ( X )

E

p) LD ()wP (2.10)

n+p

Ms

< +

0

Ool—w 1-w
m+p
=Z( ; )LD, 0ow? (211)
p=0

And

0

—xw
(1—w)” Hexp (m) = Z Lg,a)(x)wp. (2.12)
p=0

The generating functions (2.11) and (2.12) are found derived
in[5,6,7].

3. PROOF OF THEOREM 1

Let us consider the generating relation of the form:

0

Glx,w) = Z YA k) wh 3.1)

n=0
Replacing w by twz and multiplying both sides of (3.1) by
y% and finally operating e"® on both sides, we get
e"R(y® G(x,twz))

. (Z a (VR k)yaz")(tw)“) .(32)

n=0

Now the left member of (3.2), with the help of (2.3), reduces
to

_(a+km+1) X
(1—kwy 12) kK exp|x ———— 5 |y
(1 - kwy~12)k
X twz
X G - -]. 33)
(1 - kwy 12)k (1 —kwy-12)""%

The rlght member of (3.2), with the help of (2.2), becomes

ZZan—k”(n+m

n=0p=0
+ 1)V (s )y P2 (Ew)"

0 n Wn
=ZZan_p—'kp(n—p+m

n=0p=0
+ 1) Yo P (x; K)y* Pz (£)" P (3.4)

Now equating (3.3) and (3.4) and then subgtitutingy =z = 1,
we get

_(+mk+a)
(1 —kw) kK exp|x

x x wt
_ 1) G ( T 1 1)
(1— kw)k (1 - kw)k (1 —kw)'*%

+ 1) Yo P (x; k)E P,

Therefore

_ (+mk+a)
(1 - kw) k expl|x

X X wt
- 1) G < T - 1)
(1—kw)k (1 —kw)k (1 —kw)''x

n
a0 = Y ek (LI P G e,
p:

This compl etes the proof of the theorem which is believed to
be the new one.

4. PROOF OF THEOREM 2:

Again Let us consider the another generating relation of the
form:

0

G(x,u,w) = Z 2V (s k) gn(w) wh 4.1

n=0

Replacing wby wvzand then multiplying both sides of (4.1)
by y* and finally applying the operator e”® on both sides, we
easily obtain, asin section 3, the following generating relation:

_ (+mk+a)
(1 -kwy™'2) K exp|x

X a
_ —> )
(1 - kwy 12)k

Volume: 02 Issue: 09 | Sep-2013, Available @ http://www.ijret.org 423




IJRET: International Journal of Research in Engineering and Technology el SSN: 2319-1163 | pl SSN: 2321-7308

x wvz
X G U

1
(1—kwy 1l2)k (1 —kwy 1z)"%

n

=ZZan r—kr(n—r+m

n=0r=0
+ 1Y T (6 k) g W) y 20T

Now substituting y = z = 1, we get

_ (+mk+a) X
(1 - kw) Fooexplx———3
(1—kw)k
X wv
X G U

1—kw)k (1- kw)“%

= i "o, (x,u,v),

Where

n
6,1, v) = Z ark T (BT v G k) g, (v

This compl etes the proof of the theorem which is believed to
be the new one.

Special Case 2:

If weput k =1 inour Theorem 1 & 2, we get the following
result on generalized Laguerre polynomials:

Theorem 3:

If there exists a generating relation of the form:

o0

GOow) = ) auLiE Gown,

n=0
Then
wx X tw
_ (1+a+m)
A=w)” exp( —W)G(l—w' (1—W)2)
= Z wma,(x,t),
n=0
Where

n
TL +m
o6t = ) ap ( LR 0 e,
p:

Which does not seem to have appeared in the earlier works.

Theorem 4:
If there exists a generating relation of the form:

o0

G(x,u,w) = Z ALEED (%) g (W) W,

n=0

Then

—wWXx X tw
(L= wy e exp (70) < 6 (1 —w - W)Z)

Where

n

O-n(x, u, U) = Z n o Lgla++7’£) (X) gr(u) UT’

Which does not seem to have appeared in the earlier works.
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