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Abstract
In this paper we prove some new fixed point theorems for weak commuting mapping on complete metric space. Our results generalize
several corresponding relations in metric space of weak commuting mapping.
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1. INTRODUCTION

In 1922, Banach [1] introduced very important concept of
contraction mapping, which is known as a Banach contraction
principle which states that “every contraction mapping of a
complete metric space into itself has a unique fixed point”.

Ciric [2] gave a generalization of Banach contraction principle
as:

Let S be a mapping of complete metric space (X,d) into
itself, there exists an & < (0,1) such that

(1). d(Sx,Sy)
< i 306 V) d(x,SX) d(y, Sy),

< max{d(x, y).d(y.Sx) }

Forall X,y € X, then S has a unique fixed point.

In 1976, Jungck [4] investigated an interdependence between
commuting mappings and fixed points, proved the followings:
Let T be a continuous mapping of a complete metric space

(X : d) into itself, then T has a fixed point in X, if and only if

there exists an o € (0,1) and a mapping S : X — X which
commutes with T and satisfies

2). S(X)=T(X)and d(Sx, Sy)< ad(Tx,Ty)

For all X,y € X . Indeed S and T have a unique common

fixed point if and only if (.2) holds for some & € (0,1).

Singh [9] further generalized the above result and proved the
followings:

Let two continuous and commuting mappings S and T from a
complete metric space (X , d) into itself satisfying the
following conditions:

3). S(X)c=T(X)
d(Sx, Sy) < a[d(Tx, Sx)+d(Ty, Sy)]
+b[d(Tx, Sy)+d(Ty, Sx)]+ d(Tx, Ty)

For allX,y e X, where a,b,c are non-negative real

numbers satisfying 0 <2a+2b+cC <1, then S and T have
a unigque common fixed point.

Ranganathan [7] has further generalized the result of Jungck
[4] which gives criteria for the existence of a fixed point as
follows:

Let T be a continuous mapping of a complete metric space
(X , d) into itself. Then T has a fixed point in X, if and only

if there exists a real number « e(O,l) and a mapping
S X — X which commutes with satisfying:

@. S(X)c=T(X)

and

d(Sx, Sy)
< o max{d(Tx, Sx), d(Ty, Sy),d(Tx, Sy), d(Ty, Sx),d(Tx, Ty)}

Forall X,y € X . Indeed commuting mapping S and T have a
unique common fixed point.

Fisher [3] proved following theorem for two commuting
mappings Sand T.

Volume: 02 Issue: 01 | Jan-2013, Available @ http://www.ijret.org 1




IJRET: International Journal of Research in Engineering and Technology

ISSN: 2319-1163

Theorem 1 If S is a mapping and T is a continuous mapping of
the complete metric space X into itself and satisfying the
inequality.

(5). d(ST,TSy) < k[d(Tx, TSy)+d(Sy, STX)].

Forall X,y € X, where 0 <k <1/2 , then Sand T have a
unique common fixed point.

Fisher further extended his theorem and proved a common
fixed point of commuting mappings Sand T.

Theorem 2 If S is a mapping and T is a continuous mapping of
the complete metric space X into itself and satisfying the
inequality.

6). d(ST,TSy) < k[d(Tx, STx)+d(Sy, TSy)].

for all X,y e X ,where 0<k <1/2, then S and T have a
unique common fixed point.

2. WEAK** COMMUTING MAPPINGS AND
COMMON FIXED POINT

In this section Weak  commuting mappings and unique
common fixed point theorem in metric space is established.
First we give the following definitions:

Definition 1 According to Sessa [8] two self maps S and T
defined on metric space (X,d) are said to be weakly
commuting maps if and only if

d(STx, TSx) < d(Sx, Tx),

Forall X e X.

Definition 2 wo self mappings S and T of metric space

(X , d) are said to be weak** commuted, if S(X)CT(X)

and forany X € X,

d(S°72,T257x)< d(S°Tx TS|
<d(STxT?8x)<d(STx TSK) < d(S2%,T %)

Definition3 Amap S: X — X, X being a metric space,

is called an idempotent, if S* =S .

Examplel. Let X =[0,1] with Euclidean metric space

X X
and define Sand Thy SX=——,Tx=— forall Xe X,
X+3 3

then  [0,1]<[0, 9/10]  where
Tx =0, 9/10]

Sx=[0,1] and

X _ X
4x+81 36x-+81

d (SZTZX,TZSZX) =
. 32x?
~ (4x+81)(36x+81)

- 8x?
~ (4x+27)(A2x+ 27)

- X . X
4X +27 12X+ 27

= d(S°Tx TS?X).

Implies that d(S T2x, T 2SZX)S d(S Tx, TSZX)

X X
d(SZTX,TSZX) T 4x+ 27 12x+ 27

. 8x?
~ (4x+27)(12x +27)
- 8x*?
T (x+27)9x + 27)
X X
X+27 9Ox+27

= d(Ssz,TZSx)

d(S2Tx, TS?x)< d(ST?x, T2Sx)

X B X
X+ 27 OXx + 27

_ 8x?
(x+27)(9x+27)
- 2x?
C (x+9)(3x+9)

X X

X+9 3Xx+9

=d(STx, TSX)

d(ST?x, T2x)

d(ST2x,T?Sx) < d(STx, TSX)

_ X X
d(STx, TSx) x+9 3x+9
_ 2x?
~ (x+9)(3x+9)
> S
- 9(4x+9)
X X
T 9 4x+9
:d(sz,Szx)

Volume: 02 Issue: 01 | Jan-2013, Available @ http://www.ijret.org 2




IJRET: International Journal of Research in Engineering and Technology

ISSN: 2319-1163

d(STx, TSX) < d(T?x, $2x).

Using [O, 1] for X € X, we conclude that definition (2) as
follows:

d(S2T 2%, T?82x)< d(s?Tx TS?x)

<d(ST2x,T2Sx)<d(STx, TSx)<d (5%, T2x)

forany X e X .

We further generalized the result of Fisher [3], Pathak [6],
Lohani and Badshah [5] by using another type of rational

expression.

Theoreml. If S is a mapping and T is a continuous
mapping of complete metric space {S,T} is weak commuting
pair and the following condition:

).
d(s*T2x,T2%y)<a afrx, 7T+ ld(S7y. 78"y ]

[d(sz,Sszx)]2 + [d(Szy,TZSZy)]2

+,Bd(T2x,Szy),

for all x, y in X, where «,f#>0with 2o+ <1, then S
and T have a unique common fixed point.

Proof Let x be an arbitrary point X. Define
(Ssz)nx = X,, O TZ(SZTz)nx = Xor1
where N =0,1,2,3,..., by contractive condition (7),

d(x2n,x2n+l)=d((SZTZ)nx,TZ(SZTz)nx)
=d(ssz(szT2)“*1x,T232(TZ(32T2)”*l)x)

[d( Ty, S7T? (sZTz)”’lx)]S
+[d( 272 SZT y x,Tzsz(Tz(ssz)“’l)x)]s
[d(T2(32T2)”‘1x,szT2(szT2)”‘1x)]2
+[d(SZTZ(SZTZ)n_lx,TZSZ(TZ(SZTZ)H)x)]z

+/3d(TZ(szT2)”‘1x,szT2(32T2)”‘1x)

[d (X 10 Xan I+ [d (0 X I
[d (10 X0 )F A (ko X )

+ A (X2n—l’ Xon )

a'[d (X2n—1’ Xon ) +d (in ’ X2n+1)] + (X2n—1’ Xon )

S(OH‘:B) ( in)"'ad( 2n+1)
( ) (X2n X2n+1)£(a+,8) (in—11X2n)

0 ) < (g * Ofg)d<xzn_1, )

<kd( 2n—l 2n)'

(e +5)
(l-a)

Proceeding in the same manner

d(XZn' X2n+1) S kzn_ld (X1' XZ)'

IA

where K =

id(xi,xm) for m>n.

i=n

Also d(x,, X, )<

Sincek <1, it follows that the sequence {Xn} is Cauchy
sequence in the complete metric space X and so it has a limit
in X, that is

limx,, =u= I|m N X0

n—o0

and since T is continuous, we have

u=limx,,, =limT?(x,,)=Tu.
n—o0 n—o0

Further,

d(x2n+1,82u)=d('l'2(SZT S x,s u)
—dfr2(seTe)x, 521 7))

for u=T?2u

_la(reusera)f + [d( 2 TZ(SZTZ)””x)]B
[d(T u,s°T2)f [d( 22 TZ(SZTZ)””x)J2
v (T, (s°r )"“)

< (l[d (T Zu’ S 2T 2U)+ d (X2n+2’ X2n+3 )]+ ﬂd (X2n+2 ! T 2U)

- a[d (U, Szu)+ d(X2n+2’ X2n+3 )]+ ﬁd(xzmz ! U)
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Taking limitas N — oo, it follows that

d(u,S%u)<0,

which implies
d(u,S%)=0 andso u=S2u=T?u.

Now consider weak** commutativity of pair {S,T}implies
that S®T?u=T2S%u,S°Tu=TS?u,ST*u=T?Su and
so S*Tu=Tu and T2Su = Su.

Now,

d(u, Su)=d(ST2u, T2S%(Su))

This implies that (1—,8);&0. Henced(u,Su)zO or
Su=u.

Similarly, we can show that Tu =U. Hence, u is a common
fixed point of Sand T.

Now suppose that v is another common fixed point of S and T.
Then

d(u,v)=d(S?T %, T2s%)
(T2u,82120)f +[d(S%v, 7?5

(r2u, 52720 )f +[d(s2v, T2s%)f
+ pd(T2u,5%)

.
<ol

< ald(u,u)+d(v,v)]+ Ad(u,v)
(1-p)d(u,v)<0.

since, (1— )= 0, then d(u,v)=0.

Thus, it follows that U=V .Hence Sand T have a unique
common fixed point.
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